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7.2 Steps common to all methods

- zq Zipiyqqiyq qu

Average prices (unit values) (1) p, = =

) Zq zi Qiyq z Z Qiyq

Value (= at current prices) annual: (2) W, = Zquq = Zqzipiyqqiyq

Volume (quarter specific prices of the previous yeary-1) (3) V, , = Zipi!y_lyqqi’y!q

first subscript: period to which quantities refer
second subscript: period to which prices refer
no bar = quarter specific prices, bar = average prices

By contrast: volume (at average prices of the current year y), their sum is the value for y

(4) V,,, =2 D,y - €Sp. for y = 0 as start volumes for all methods
(42) V4= Piodiog @nd (4a) X Vo, =W,

as opposed to volume (at average prices of the previous year)
(5) Vyyq =2 Pyt -

The term

(40) Vy iy 1q =2 Py iqGiyia

refers to special volumes needed for the OY method and also in the case of g = 4 for the QO
method. Note that (4a) is equal to

(6) Vo,o,q = Ziﬁi,o%,o,q = Wo,q = zipi,o,qqi,o,q

System of the formulas

prices quarter-specific average prices

prices (unit values)

(2) Wyo = V (4b) relevant in
ya = Yvy.y.q

Y (same year

as quantities) OQ* and OY**
y-1 (previous | (3) hardly rele- (5) numerator of
year) vant almost all links

* forq=4
** for all quarters

Relevance of the difference between volume/value definitions (figures refer to y = 2006
and q = 4 in the numerical example)

(2) W, gm0 = Z:ipiy.qﬂlqi.y,q:4 =1010  (4) vy,y,q:4 - Z:iﬁiyqi.y.q:4 =937.74 and
(5) V. =Y Piy1diyqa = 837.07 see slide 7.3.2 (2) for the OY method

y.y-l.q=4
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7.3. Indices for quarters and years (links and updated levels)

7.3.1 AO method (annual overlap, or annual linking)

a) Quatrterly indices: links and levels

Vv
i . AO _ y—1,
Quarterly link AO: (7) LY, .= YY :/21
Quarterly volume index AO:  (8) I’y*O IAOL/?? o

v
starting with (8a) Ip° =1>' —% =] (that is 100%) due to (4a’)

1W,/4
Equation (eq for short) 8a that is I)° =1 is also used for eq. 10

General principle for the AO quarterly link

S

A quarter q of year y at average prices of the preceding year y-1 Y yolg = ziﬁi!y_lqi,y!q

y,
related to the unweighted average of the values (i.e. a fourth of the total value) of the pre-
ceding year y-1.

Note that all three methods a link is defined where the numerator is the same viz.

Vg = Ziﬁi,y_lqi,y,q . The denominators, however, are different in eqs 7, 11, 15

b) Annual indices: links and levels

N7 1 N7 AO
LAO _ q Vy.y—lsq _ 4 zq Vy.y—lsq zq L(y—l)—>y.q

Annual link AO: 9 =
( ) (y— l)ey Zq Wy_l_q iw 4

Equation 9 shows that aggregated QNA-volumes and direct ANA volumes are
consistent (also known as "time consistency" in this context)

AOT AO
I L(y D—-y

zpt 19, ] Zﬁy lqu
Zpt 1941 Zpy 19y- /4

To understand this formula it is useful to assume y = 4 and gq= 2. Then we get

H Vyyia Vt,t—l,q _ Zquﬁoqlq ZquﬁquQ Zq2i§2q3q Zi§3q4,q:2
Z W Zqupoquq Zqupqulq ZquPquZq Zqup3qq3q/4

The first three factors are linking successive years 0 — 3 (see eqg. 9) and the fourth factor
refers to the specific quarter (q = 2) of the fourth year (which corresponds to eq. 7). This is
equivalent to (omitting subscript i for convenience of presentation)

y.y-1q vtth ZVIOqzVZIq zqv V
(HZW }uq_ZquZ S, W,

Annual volume index (10) I?° = starting with 1°° =1.
y g 0

The AO quarterly index in one formula 1, —(

. Fory =4andq=3we get
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Zq ZiﬁOqlq Zq Ziﬁquq Zq Zi§2q3q 2153(4(]4,(4:3
20 2 Poloq 2o 2Py 2oy 2Paed2q | 2Py

10 2 Pslagss
[0 DPslige
of the QO method. Note the difference between

@) Vyy = zq A zq Zipi,y—l,qqiyq and (5) vy.y—l = zqu.y—lsq =zq Ziﬁisy—lqiyq will

For example t = y = 2006 gives in the numerical example used in the presentation

so that the quarter-to-quarter com-

parison amounts to , Which is "unbiased" and the same as in the case

Table 1
4 Q) ziﬁi,y—lqiyq (3) Zipi,y—l,qqiyq 2 W, :Zipiyqqiyq
D &) 3
1 596.55 40-10+2-50=500 600
2 654.30 45-15+2-65=805 710
3 779.32 50-11+3-70=760 890
4 837.07 55-10+3-75=775 1010
> 2867.24 2840 3210
X/4 716.81 710 802.5

7.3.2 QO method (quarterly overlap [or one-quarter-overlap, or Q4-method])

a) Quarterly indices: links and levels

\Y%

. . g9, QO _ y.y-14
Quarterly QO volume index link': (11) Ly qmiyg ==
y-Ly-l.q=4
. QO Vl,O,q
In particular we have fory =1 Ly, ,, ==—— andforq=1
0,0,q=4
LQO _ Vy,y—l,q=1 and LQO _ Vy+1,y,q=1
y-1,q=4—>y,q=1 — v y.q=4-y+l,q=1 — v
y-Ly-l,q=4 y.y,q=4

(Other quarters q = 2, 3, analogously; [for q = 4, which then is the basis for a new link).

Quarterly QO volume index (12) [, =1%°

QO . .
vt = Lo gealy 1 gmasy.qoa Starting with

V,
12a) [, =—"
(12a) bt W, /4

According to eq. 12 the quarterly index is formed by multiplying an index for the fourth
quarter (rather than an annual index as in eq. 8) with a link L.1 q_4

Notethat V, , _,#V,  .,=W, , andthat V _, needs an additional calcula-

tion to be made (not necessary in the case of the AO method).

! Note that the denominator in egs. 11, 11a and 11b is not the value Wy g-4 of the fourth quarter.
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Linking over the years y — y+1 — y+2 efc.

It is important to realize that a quarterly index for q = 4 is chain-linked, however the annual
index is not (by contrast to the AO method, see eq. (9)). The year-on-year series for the
fourth quarter is generated using

V,

V. -
(11a) LY, . . % and (12) starting with 130, = O’O'q: (according to 12a)

y.y.q=4 0/

General principle for the QO quarterly link

y,
the volume of the forth quarter of the previous year y-1 (that is g=4,y-1) at average prices
of the previous year y-1

A quarter q of year y at average prices of the year y-1 Y yolg = ziﬁi!y_lqi,y!q is related to

b) Annual indices: links and levels

Annual indices are not derived from a product like eq. (12) but from links relating a level re-
ferring to a whole year to an index referring to y-1 and g=4 rather than to the whole year y-1.
Hence we get a sequence of annual indices, as opposed to a linked index:

The link generating a QO-type annual index is
(0)'¢
(13) L0 72 Vy y-1,q Z Ly -1,g=4-y.q

y-lg=4—y
Vy—l.y—l,q—4

and the sequence of index levels is

The sequence of annual QO volume indices as products of (12) and (13) is given by

_ 1 —
Q0 _ 71Q0 1 QO VO,O,q:4 4 zq Vl.O.q
(14a) L =10 sl gea = =
0/4 VO,O,q:4
VO 0,q=

Q0 _7Q0 yQO 4 .0,
(14b) L Ilq 4qu =42 — 0/4 V

(14c) 1 =19°_1.%° 0.0

,q=4
2,q=42,q=4-3 —
q= 4= /4

Although according to eq. 13 the annual link LQO is defined as the

-l,q=4—>y

oy
_ quy—l.q:4—>y.q .
4

arithmetic mean of quarterly links the QO does not deliver time consistent indices (in contrast
to the AO method). It will be demonstrated below that eq. 13 and eq. 9 may look similar, but
they are in actual fact quite different.

The QO index is also given in one formula by

_ zpoqm H zpt 19us | Zﬁy—lqy,q
yq 0/4 me 1914 Zﬁy—lqy—l;4
Assume for example y = 4 (= 2009) and q = 2

oo _ 557.84(837.07 1109.37 2100.90')3546.16
47375\ 557.84 937.74 1981.57 )3176.31
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Table 2*: 100 times the product of the fist 2, 3, ... factors of 17

2

3

4

5

I, =176.69

I, =209.029

I, =221.617

Iy, =247.422

* to be compared with the ppt-presentation in part 7.3

The numerical example may also serve for a demonstration of the time inconsistency of
the QO Method: Consider now the sum of the in combination with the absolute volumes.

. . QO _ Q0
As for quarterly indices holds I, =17 _,

over the four quarters gives

Q0 _ 1Q0 QO
Zq Iy.q - Iy—l.q:4 Zq Ly

-1,q=4-y.q

(13a)

1 Q0 _ yQO
4zq1y,q =1

y-1,q=4 ’

—1Q0

N —
4 zq Vy,y—l,q _ 1

y-Ly-lq=4

L

y-lg=4-y.q

Qo .
y-lLa=4 7

=1

y.y—Lq

y-Ly-l.q=4

y,y—-1,4

\
y,y—L1 +

y-Ly-lq=4

y-1,q=4

=
Vy—l,y—l,q:4

(0]
'Ly

-1,q=4->y

— Q0
_Iy

, taking the sum

] and therefore

This eq. (see also egs. 13 and 14) might give rise to the misunderstanding that QO volumes

AO
. . . . . y _ 1 AO
might satify time consistency. However, in contrast to eqs 9 and 10 where —-=L", .
y-1
=13, L, hereannual links are not related to an index level |,.; of the year y-1 but

rather to the fourth quarter of that year, that is |,.1 g-4.

. . . . . QO /71QO0
Table 3 shows in detail how time consistency applies to growth factors I; /Iy_l,q:4

but not to

19° /12 . According to (13a) I2°is an unweighted arithmetic mean of the four indices 1%

However, for I3° / 17 we get a weighted sum

QO

(13b) L

y-1

=—%0
Iy—l,q:l

QO QO
_ Iy,q:l (Iy—l,q—l

oos

4-179

QO
Iy&=4

QO
Iy—l,q:4

I;Q?I,q:4
4.1

The weights (terms in brackets) add up to unity.

Table 3: Annual indices derived from QO linking are not time consistent

growth factor q=1 q=2 q=3 q=4 whole year | average
(M @) 3) “4) of (1) to (4)
(year 1)/ 125.92 138.11 164.50 176.69 151.30 151.30
(year 0, quarter 4) | 117.75 117.75 117.75 117.75 117.75 117.75
125.92 138.11 164.50 176.69 151.30
(year 1)/ = = = = =
- 77.16 89.35 115.74 117.75 1.5278 100
1.6319 1.5548 1.4213 1.5031 1.5130
(year 2)/ 203.85 | 191.55 197.13 209.03 | 20049 | 200.49
(year 1, quarter 4) | 176.69 176.69 176.69 176.69 176.69 176.69
203.85 | 191.55 197.13 209.03 200.49
(year 2)/ = = = = =
- 125.92 138.11 164.50 176.69 1.3480 | 151.30
1.6189 1.3869 1.1984 1.1830 1.3245

Eq. 13b reads in this example (last row) as follows

200.49 203.85(

15130 125.92

125.95
+
4-151.30

209.03

176.69

+
176.69

4-151.30

j , that is 1.3245 is a weighted average
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of the quarterly growth factors 1.6189 etc with the following weights (the terms in brackets)
0.2081, 0.2282, 0.2718, and 0.2920.

7.3.3 OY method (over the year)

a) Quatrterly indices: links and levels

i Vy y-1q
Quarterly link OY (15) LYY, ==
Vy—l,y—l,q
: oy oY yoy ; ; oy V00q
Quarterly volume index  (16) I, =17 L7 starting with I, =—=
4 W, /4
vV,
Note Ig_, =130, =—04=%
W, 4

General principle for the OY quarterly link

A quarter q of year y at average prices of year y-1 Vy,y_l,q = ziﬁi,y_lqi,y,q is related to the

same quarter of the previous year y-1 (that is q,y-1) at average prices of that year y-1 (that
is quantities of the preceding year and average prices of the preceding year y-1)

b) Annual indices: links and levels

(0)' EVa (0)'¢
zq y.y-1gq ZqL(y l)q—>yq y=Ly-14 qu(y D.q—=y.q

(y-h-y
zvlqu zq y-Ly-l.q 4

oy oY1 OY
I(y L)—y I L(y -D-y

and IOY i z IOY = lz Iy lq(_yy 1q/vy—l.y—1.q)

The OY Index for year y and quarter q in one formula

o _ D Pyl (H > P 1qqu - yq_zpoqqu Lt

b ZW /4 Zpllqth Wo /4 4

which is - due to eq. (6) - equivalent to

(**) OY ZpquJ H 25l lqlq

Annual link QY  (17) L

Annual volume index (18)

llth

v W, /4 tzzpthth

To demonstrate the kind of calculation assume again y = 4 and q = 2. Then formula (*) gives
using the figures of our numerical example

423.30 (654.30 1018.74 2220.22 3546.16
47375 \ 423.30 730.42 1695.93 3361.29

j 2.6605

2Py _ 42330 o ved by 0= _ 2P _ 65430

W, /4 47375 Vooar  D.Podog. 423.30

(starting with ).
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»

3,q=2

V1 1,q=2 V3,3,q:2

For the second formula (**) we get
W, /4

R 654.30(1018.74 2220.22 3546.16
473.75\ 730.42 1695.93 3361.29 )

Vv, Vyiaor Visgn V.
1,0,g= 2[ 2.1.g=2 V ]which means for the ex-

Table 4: 100 times the product of the fist 1, 2, ... factors of formula (*)

1 2 3 4 5
Iy, =89.35 Iy =138.11 | I), =192.63 | IY, =252.18 | I, =266.05

* these are precisely the figures of the ppt-presentation in part 7.3.3

7.5 Time series and comparisons chain-linked indices

7.5.1 AO method
a) Sequence of annual indices (years 1, 2, ..., y)

[AO _[AO [AO [AO 4O Zzploquq Zzpllqlzq zzﬁi’t_lqi'l'q
y 01152253 (g sy T ZZPIquloq ZZplqullq zzp,l—l,qqi,t—l,q

(19) 170 = ZZ§iOqilq ' 22511(112(1 o ZZ§i,y—lqi,y,q
y

WO Wl cee Wt_l
vV, V. V.
or simply I’y*o — o T2l Tyl
w, W, W,

b) Sequence of quarterly indices in year y

IAO . IA?I Vy,y—l.q=1 — Ai)l ziﬁi,y—lqi,ysqzl
Y.q= y Wy_1/4 y wy_l /4

(20) I’;?l . IAO —z Piy 1(;1” L analogously I’y“; R IAO —z Piy lqu 2
1 1

c) Interpretation of the AO comparisons

etc.

D1:y,gandy,g+1 or y,q and y,g-1: successive quarters of the same year only differ from one
another with respect to quantities. Using egs. 5 and 8 we get

AO X7 —

(21) Iyq _ Vy.y—lsq _ Zi pi.y—lqi.y.q
IAO - V - Z —

y,q-1 y,y—1,q-1 ipi,y—lqi,y,q—l

D2: same quarter, different years, e.g. quarterginy+1 andqiny

140 IAO z Z Piy-19iyq z Piyiy+14 and IAO IAO Z Piy-19iy.q
y+l.q
y—l y/ 1/4
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I/):(-)l,q _ Zq Ziﬁi,y—lqiyq ziﬁiyqi,yﬂ,q — vy,y—l . Yy+l.y,q — A B

AO —
Iy,q Wy Zi pi,y—lqi,y,q Wy Vy,y—l,q

Or analogously g iny and q in y-1

AO N \Y
(22) Lia _ Vg (g yTlym2q —QUY LAY
A0 —v W T Xy-lg “ly-ly-l
y-lq y-1y-2,q y-1

The first factor Q (=quarterly) is a quarter specific ratio in which both, (average) prices and
quantities are different in numerator and denominator. A (=annual) is a relation between two
years (volume [at average prices in y-2] and value in y-1); there only prices are different.

D3: Fourth quarter in y and first quarter in y+1 (y,4 and (y+1),1)

IAO __YAO Z:ipi.y—lqisy.q:4 _ 7AO Vy.y—lsq:4

y,q=4 = “y-1 oyl
Wy_1 /4 Wy_1 /4
IAO _ IAOLAO zi pisyqi.y+1.q:l _IAO Zq Vy’y‘l’q . Vy+l,ysq:1
y+lg=l = Ty-1""(y-D-y oyl
Wy /4 Wy_1 Wy /4
9. V. Yy
y+lg=l _  "y+ly.q=l 4mdq ¥YTHA _ ~y+ll A yy-l
(23) AO _V W _Qy4 Ayy
y.q=4 y,y-1l.q=4 y
Eq. 23 can also be interpreted as follows
AO bV Vv
Iy+1,q:l _ Vy+1,y,q:l . qu,y—l,q _ Qy+l,1 = AYY
12° _v W T Xy4 Tyl
y.q=4 y.y-l.q=4 y

where A may be seen as a kind of price correction (comparing average prices of y and y-1 on
the basis of y-quantities). A pure quantity comparison between y+1,9=1 and y,q=4 would be

(23a) D:M instead of Q)"

Zi 5iyqi,y,q:4

The "contamination" of the comparison in (23) may be viewed as

(23b) I;\ﬁ.q:l/lly\224 _ Ziﬁiyqi,y,qﬂ*/Ziﬁi:y—lqi%q:“

cont = = — —
zq Zi Piydiy.q /zq Zi Piy19iy.q

cont is a relation between two Paasche price indices comparing average prices of y-1 and vy,
where the structure of the quantities apply to the fourth quarter in the numerator index as op-
posed to the whole year in the denominator index (see Kirchner)?. If the structure of quanti-
ties in the fourth quarter of y were not different from structure in the year as a whole cont = 1.

Decomposition of AO volume growth rate
Assume two components, A and B of an aggregate

AO A0 Y7 = =
A0 _ Iy,q+1 _Iy,q _ Vy,y—l,q+1 _Vy,y—l,q _ Z:ipi.yqisy.q+l Zi Piydiy.q

g = —
y.q+l AO Z —
Iy.q Vy,y—lsq ipi,yqi,y,q

2 Robert Kirchner, Konsequenzen aus der Umstellung der realen Angaben der vierteljahrlichen Volkswirtschaftli-
chen Gesamtrechnung auf Kettenindizes fir die aktuelle Analyse der wirtschaftlichen Entwicklung in Deutsch-
land, Vortrag in Rostock 10.6.2005
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quY:‘l“'l _qA.y.q qB,y,q+l - qB,y,q
= Wa —— [+ Wg| ————————
¥q ¥q
qA,y,q qB,y,q

pA,y—lqA,y,q

Zic(A,B)ﬁi’y—lqi,y,q

where w, = C W =W,

7.5.2 QO method

a) Sequence of annual indices (years 1, 2, ..., y)

190 _ Ziﬁoqi,o,q:4 . %zq ziﬁioqi,l,q ‘ %zq ziﬁilqi,z,q o %zq ziﬁi,y—lqi,y,q
’ %Zq Ziﬁioqi,o,q Ziﬁioqi,o,q=4 ziﬁilqi,l,q:4 ziﬁi,y—lqi,y—l,q:4

the first two factors represents 1°°, the first three 13° . Obviously the first two factors give

zq ziﬁioqi,l,q o that IQO z z ﬁloqllq %zq ziﬁilqi,z,q ‘ z z b, y—lquq
zq ziﬁioqiﬁ,q z z PioYi.0.4 zi§i1qi,1,q=4 z Pi.y-19i,y-1,4=4
z Vo 0,1 Vl,l,q:4 Vo ytqea

b) Sequence of quarterly indices in year y

25 IQO IQO z ﬁly lquq 1 IQO IQO Z§1y lquq 2
( ) y.q=l -lg=4" ’ y.q=2 y-1,q=4
Zp1y1q1y1q4 zp1y—1q1y1q4

c) Interpretation of QO Comparisons

(24)

equivalently I;

etc.

D1:y.q and y,g-1 successive quarters of the same year

Q0 =
(26) Iy,q — Zipisy—lqi.y,q
1,73 5.,
y.q-1 i Fiy-11i,y,q-1

D2: same quarter, different years, e.g. quarterginy+1 andqiny

the same formula as eq. 21

182 vysy—l.q vy Ly-2,9=4 (My-Ly-1.4

(27) oo == = =Q1, / Q,i,724 asopposedto
Iy—l,q Vy -ly-2,q Vy -Ly-lLq=4
1 v W,

(22) va_ __yyla . -1 —_ YA /Aiiglz

AO y-1q
Iqu y1y2q ZVnyZq

A refers to a whole year (y-1) in numerator and denominator, while A* refers to one quarter
(g=4) only, the second factor B is the same

D3: Fourth quarter in y and first quarter in y+1 (y,4 and (y+1),1)

[© Y - Piy9i g1
(28) due to (11a) % — LQy,Oq:4—>y+1,q:1 — vy+1,y,q 1 _ % i y+lq
y.q=4 y.y.q=4 PiyYiy.q=4
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Zi Piy i y+1,9=1

Ziﬁiyqi,y,q:4
son between these quarters (y+1£=1, and y,q=4) is a pure comparison and that (28) differs

| R V-
from (23) Iy/—:(l),qfl — vy+1,y,q71 'quvy,y Lq :ngl,l A

y.q=4 y.y-lq=4 y

Note that this is exactly equal to D according eq. 23a D = so that a compari-

as follows: the numerator in (28) is the same as in the Q-factor of (23). However in the de-
nominator of Q in (23) prices refer to y-1. In (28) prices refer to y in both, numerator and de-
nominator.

7.5.3 OY method

a), b) Sequence of quarterly indices over the years (years 1, 2, ..., y)

annual indices are simply averages %qu‘y’:

1Y — Ziﬁioqi,o,q 'ziﬁioqi,l,q. Ziﬁilqi,z,q o ziﬁi,y—lqi,y,q
. %Zqziﬁioqi,o,q Ziﬁioqi,o,q ziﬁilqi,l,q:4 ziﬁi,y—lqi,y—l,q

oy
I,

the first two factors give the first three I?Z etc. Obviously this is equal to

Vv,

V.
(290 IY = — a4 34 Taking an average over all four quarters will
Zwo L.lg V2,2,q Vy—l,y—l,q
s e oo
differ from (24) 13° = ZoYion 12,V 420 Vo
DI Vv, Y]
q 0,01 1,1,g=4 y-Ly-lq=4

Sequence of an OY-index for quarter g = 1 over the years y-1 —» y

_ IOY Zi pi,y—lqi,y,q=1 _ IOY Vy,y—l,q=1 _ IOY . LOY

y-La=l "N = y-lg=1 " v y-lg=l " Hy-lg=l-y.q=1’
Piy-19iy-1.9=1 y-1,y-1,q=1

(30) I%

y.q=l

(6)'¢ _IOY 'Z:ipi,y—lqi,y,(F2
y.q=2 = “y-lg=2 —
Zi Pi,y-19i,y-1.4=2

c) Interpretation of OY comparisons

correspondingly 1

_ 10Y —
- Iy—l,q=2 ’Ly,2 =

D1:y.q and y,g-1 successive quarters of the same year

(0)'4 oy
,q=2 -1,q=2 2
(31) W = 2 the same formula as eq. 21
Iy,q:l Iy—l,q=1 y.1

D2: same quarter, different years, e.g. quarter g iny+1 and qiny

| Y [ vV
: -yl , y-1, —1,y-2,q=4
(32) onYq :V” =LY, asopposed to (27) IQyOq :V” q .Vy y-24
y-Lq y-Ly-lq y-1.q y-Ly-2.q y-Ly-lg=4

D83: Fourth quarter in y and first quarter in y+1 (y,4 and (y+1),1)

oy oy 1°Y YV 1 N
y+la=l _ ‘y.q=l ; OY _ ~y.a=l Vy+lyg=l ytla=l _ " y+ly.q=l
(33) —IOY _—IOY yasloyra=l = 0V v as opposed to (28) @ v
y,q=4 y,q=4 y,q=4 y,y.q=1 y,q=4 y.y.q=4
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Appendix

A) Chain indices: Path dependence and oscillating ("bouncing”) prices

Text (taken from von der Lippe (2001) sec. 3.4) referring to part |, sec. 3.5.2 (slides 88 -92)

"Consider the following situation with periodically recurring amounts of expenditure, called
A through D for short:

zPl‘lo =ZP3Q0 22p5q0 =..
2P192 =2 P3q2 =2Psdz =--

g even g uneven
A= B=

peven ZPOQO ZZPz(lo =ZP4Q0 = zPo(h =ZP2‘11 ZZP4(11 =
2. Pod2 =2P2d2 =2.P4d2 = 2.P043 =2P243 =2 D403 =
C= D=

p uneven

zPl‘h =ZP3Q1 =ZP5Q1 =...
ZP1Q3 =ZP3Q3 =2p5q3 =...

C D
With o = N and B = B the structure of the matrix G (defined in eq. 3.3.8) now is

g g g |a ol «a
gl g gi| [B BB
g & g |a o' al
g & g B B B

The covariance COV(XI—I,t’yo,t—I) responsible for the change of the drift Dg’Lt_l — Dg{“

BC-AD B B P ,
can take only two values Sz?za l—a and O indicating that the drift
o
Dg{“ =ED5LH, or the drift does not change Dg{“ = Dg,Lt_l respectively. On the basis of

this matrix G we get the following results for four indices, two drifts, the covariance (cov),
and the LPG (Laspeyres - Paasche gap) of the chain indices® yOCt :

t | pk| PE | P Di- | cov| Py | DIF Yo

1 o B o 1 S | B 1 o-B

2 | 1 1 | (wp) o/p 0 | /o B/ot (o2-B3)/op

3 | a B | o) | B o | B(B/o) | Bl (o*-B°)/ap

4 |1 1 | (@B)? | (o/B) 0 | (Blo)? | (Bl | (o*-B*)/(o)®
S | @ B | a(aB)® | (avB)? 8 | B(B/a)® | (Blo® | (o>-B°)/(aB)?
6 | 1 1| (@B)® | (o) 0 | (Blo)® | (Bl | (o>-B°)/(o)®
7 | B | a(o/B)® | (o)’ 8 | BB/)° | (B/o)® | (&'-B")/(o)?
8 | 1 1 | (B)* | () 0 | (B/a)* | (B/o)* | (a®B%)/(oB)*

® The LPG of the direct indices is oscillating, taking values a-f, 0 and so on.
* Notation adapted to the ppt-presentation.
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Interestingly ... there is no drift of the Fisher index, that is DP; = 1 (or equivalently
PI¢ = PF) and both indices take two alternating values only, y/a and 1. Though there
definitely exists a LPG the index l_’ofc seems to enjoy an advantage over both other chain
indices, P and P, in that some kind of "counteracting" of the drifts DgtL and Dg%D (or
more distinct: an inverse relation between them, irrespective of the sign of the covariance

d, as can easily be seen by comparing the two relevant columns) prevents the drift DgtF

from existing. SNA does not seem to have taken this possibility into account, because
SNA in general recommends not applying chaining (with whichever type of links) when
prices are moving cyclically."

We demonstrate two examples

1) positive covariance 2) negative covariance
A=80,B=100,C=120,D =90 A=100,B=80,C=90,D =120
o =1.5,p81=0.9 0,=0.9,B.=15

3 =(100/120)*(1-0.6) = +1/3 d = (80/90)*[1-(1/0.6)] = - 0.592595

Obviously in case 2 the roles of Laspeyres and Paasche are simply interchanged: what ap-
plies to POLt, P), and D&L now applies to P(})t, P;, and Dgf. So it is sufficient to examine

case 1. Interestingly the chain indices are drifting away from the direct indices and also the
Laspeyres Paasche Gaps (LPG) are not constant. For the LPGs we get

direct indices either v, = - (a4-B1) = B1-04 = 0-B2 =- 0.6 or 0

instead of either y; = a4-B1 = + 0.6 or 0 for case 1. Correspondingly for the gaps between

chain indices holds v, =—7,. oL o
e Laspeyres chain

p pP PLch D PPch D" g-d g-ch index is increasing
1,5/ 0,9| 1,500 | 1,000 | 0,900 | 1,000 | 0,600 | 0,600 from 150% up to
1157% while the
1,0| 1,0| 1,667 | 1,667 | 0,600 | 0,600 | 0,000 | 1,067 direct PL is either
1,5/ 0,9| 2,500 1,667 0,540 0,600 0,600 1,960 150 or 100. Thg
1,0| 1,0] 2,778 | 2,778 | 0,360 | 0,360 | 0,000 | 2,418 Paasche chain index
is constantly de-
1,5| 09| 4,167 | 2,778 | 0,324 | 0,360 | 0,600 | 3,843 creasing from 90%
1,0| 1,0| 4,630 | 4,630 | 0,216 | 0,216 | 0,000 | 4,414 to 11.7%. Drifts DP*
15| 09| 6944 | 4,630 | 0,194 | 0,216 | 0,600 | 6,750 and D™, and gaps
1 1 7,71 7,71 1 130 0,000 7 (g) react corre-
0| 10| 7,716 | 7,716 | 0,130 | 0,13 ,00 ,586 spondingly

1,5| 0,9]|11,574 7,716 0,117 0,130 0,600 | 11,457

Chaining does not automatically reduce the LPG. "

Fisher's index (P} =P} ) is given by jJap =1.162 | ,,

or 1, in both situations, case 1 as well as case 2. 0 [

Furthermore: while oscillating prices and quantities s —L

may be disadvantageous for chain indices of —pp

Laspeyres and Paasche, a Fisher chain index P : Pleh

may nonetheless be appropriate. 4 i




PETER VON DER LIPPE, SOME FORMULAS FOR CHAIN-LINKING 13

B) Some additional index formulas

Lowe Pbo plt p10q1b Pn S _ Zpilqib
£,0.b ZPIO Zploqlb Zplo zpioqib

Younag PY Pi  Padn Pi
g L Zplo Zplbqlb Zplo

Paasche Py =P, Z;)l; i’gia z;’l; s = %Ei(flit
1 i i0Hit i i ot

Z Pi  Pio9i0 _z Pi s = Zpitqio

i Pio Zpioqlo i Pio Zpioqio

Laspeyres P, =P},

C Annual growth rates GDP "chained, volume" DE (formerly slide 8.3.1 (5) of part IV)

Press release: "Bruttoinlandsprodukt (Destatis, Jan 2010), preisbereinigt, verkettet Veran-
derung gegentber dem Vorjahr (in Prozent)"

year | GDP
GDP 1999 | 2.0
2000 | 3.2
4 2001 [ 1.2
2002 | 0

2003 | -0.2
2004 | 1.2
2005 | 0.8
2006 | 3.2
2007 | 2.5
2008 | 1.3
2009 | -5.0




