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b) Uses and limitations: PPP and exchange rates

Figure 8.1.2: Uses of international comparisons of prices

| International comparisons of prices |

—

purchasing power parities (PPP) deflating aggregates

the purpose is to estimate Task within the framework of NA

® an equivalent remuneration of employees when | [e to make comparisons of level and struc-
working abroad; ture of aggregates™

® gains or losses of purchasing power (compared | [ e to aggregate volumes across countries
with the exchange rate); (taking into account the different size of

® PPP as indicators of performance in fighting countries)**, as e.g. the European Un-
inflation and international competition. ion

* hence consistency in aggregation requirements should be obeyed more strictly than in the case of PPPs
** in the case of PPPs taking size of countries or of transaction - quantities involved is in general not needed.

¢) Bilateral and multilateral (differences)
d) Some methods of bilateral and multilateral comparison

Figure 8.1.3: Comparisons in intertemporal and interspatial case direct comparisons

four points in time four countries
0 1 2 3 A B C D
0 1 Po1 Poo Po3 A 1 Pag Pac Pap
1| Py 1 Pis Pi3 B Pga 1 Prc Pep
2 | Py Pio 1 P C Pca Pca 1 Pcp
3 | Pso P31 P3, 1 D | Ppa Ppg Ppc 1

Indirect comparisons (via one or two "third" countries)

pair 0 (direct) 1 2

A-B A-B A-C-B, A-D-B A-C-D-B, A-D-C-B
A-C A-C A-B-C, A-D-C A-B-D-C, A-D-B-C
A-D A-D A-B-D, A-C-D A-B-C-D, A-C-B-D
B-C B-C B-A-C, B-D-C B-A-D-C, B-D-A-C
B-D B-D B-A-D, B-C-D B-A-C-D, B-C-A-D
C-D C-D C-A-D, C-B-D C-A-B-D, C-B-A-D
sum 6 12 12

In addition there are also numerous indirect comparisons between any two fixed countries, say A and B, that is
for each pair there exist m - 2 comparisons between two countries via one third country, (m-2)(m-3) comparisons
via two "third countries", and (m-2)(m-3)(m-4) comparisons via three third countries and so on.

Hence in the case of 4 countries we have (see fig. 8.1.3) 6 direct comparisons (shaded) plus
®* m -2 =2 indirect comparisons via one third country for each of the six pairs, like A-C-B and A-
D-B in the case of the pair A-B
¢ (m-2)(m - 3) =2 indirect comparisons via two third countries for each of the six pairs, like A-
C-D-B and A-D-C-B,

thus altogether 6 + 12+12 = 30 which have to be consistent with one another Correspondingly in the
case of m = 5 countries the number of direct and indirect comparisons between two countries, that
have to be consistent with one another grows up to 160, and with m = 6 already to no less than 1565 =
975 reasonable comparisons..
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Figure 8.1.4: Usage of notions, like Laspeyres and Paasche

1. Unweighted indices (parities) 2. (weighted) price indices
Princiol the country from which the list of the country from which this list and the
HNCIPIC | s mmodities is taken weights (expenditure shares) are taken
. 1/ny
4 Ps: L _ 2Ppda
Laspeyres | (8.1.1) Ly=||[*® (8.12) Py =
pPey alp (I;[pmj S Pada
1/ng
s Pgd
Paasche [(8.1.1a) ,P,= (Hh] (8.1.2a) Py, _LPuo
k=1 Pax ZpAqB

A = base country, B = reference country, P, and Py absolute prices in A and B; commodities i = 1,..., ns pre-
ferred by country A; k =1,..., ng = preferred by country B

Products and "basic headings" in case 1

| basic heading no. 1 | | basic heading no. 2 |

7\ products T~
(21 ] [22] .. 2,

e) Consistency in multinational comparisons (the meaning of transitivity)

Fisher parities are not transitive

SF PCFB F pF (Pc'qx) (Ps'qc) (Ps'95) Pc'q4) (Ps'qc)
P = F P.cPes = . . . :\]VAB . .
© \/(pA q,) (P,'dc) (Pc'qp) \/(pA qc) (Pc'qp)

CA
A PF ! . ' . ! ' X '
PEB(D): P];B =P§DP§B :\/(pD'qA) (pB'qD) (pB'qB) — ,VAB\/(pD,qA) (pB'qD)
(PA'ds) (PA'dp) (Pp'd5) PA'9) (Pp'qR)

DA

They will in general differ and also differ from P, = \/ Vs \/ P:'q,/PA'qs -

Fig 8.1.5: Bilateral and multilateral comparisons
Laspeyres- and Paasche- approach in bilateral international comparisons"

| International comparisons |

«— -
bilateral multilateral
comparisons of only 2 countries at a time comparisons of m > 2 countries simultaneously
4/\> \
unbalanced (asymmetric) balanced (symmetric) | see fig. 8.1.6
Laspeyres, Paasche Fisher (or Drobisch)
|
Laspeyres approach Paasche approach

Base country budget ga. Tourist model: a|Reference country (B) budget qg. Migra-

Interpre- .. . Lo .

tatiorl: person P of country A visits B as tourist | tor model; assimilation to the new condi-
and is maintaining his consumption habits | tions (consumption habits

Commodities | representative of country A representative of country B

Country reversibility* | (8.1.2) Pk, =1/PF, (8.12a) Pf, =1/P,

Deviation from re-

—1 1
ciprocal index D=Py,/ (PXB ) =Py, Py D¥=Py, / (P:B) =Py, P =1/D

*)  Formulas 8.1.2 and 2a see also fig. 8.1.4
*)  given (summation of an) identical commodity lists
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Figure 8.1.6: From properties of bi-lateral comparisons (between place A and
place B) to desired properties of multi-lateral comparisons

| bilateral comparison |

/\

| asymmetric | | symmetric |
using either weights related to A or weights using weights of A and B in a balanced man-
related to B, like Laspeyres and Paasche ner, like Drobisch PP RO , and Fisher P
| country reversal test not met | | country reversal test satisfied |
Drobisch's index PB?O = %(P/IgB + PXB) Fisher's index PEB = ‘,PkBPXB

| extension of bilateral case to multilateral case |

| transitivity not met | | transitivity satisfied |
example: Fisher's index
weak transitivity strict transitivity (= base land invariance)
solution depends on which country has been | |solution not depending on which specfic central
chosen as central country* country X has been selected

* example for this method: Central Country Method (CCM) making indirect comparisons between any two
countries via a (the same in all comparisons) third "common" country X.

Transitivity (concerning multinational comparisons) is possible only if all indirect comparisons be-
tween any two countries, A and B that is Pag (or Qap respectively) obtained by using other countries,
like C as link should be equal to the direct index. None of the standard indices in common use (like
Laspeyres, Paasche and Fisher) is able to ensure weak (let alone strict) transitivity.

f) Conditions, axioms and required properties in multinational comparisons

Characteristicity requires that commodities and quantity weights are used so that
¢ not only all countries to be compared are represented, but also that
e commodities and weights provide an adequate coverage and representation of the consumption
in the different countries under consideration.

Diewert's set of tests for multinational comparisons (focused on volume comparisons)

D1 positivity and continuity (in all arguments) of volume shares Q; (i = 1, ..,m countries),

D2 symmetric treatment of countries (i.e. invariance of vol. shares to permutation of countries),

D3  symmetric treatment of commodities test,

D4 monetary unit test (= invariance to changes in scale test) corresponds to price dimensionality
in the intertemporal case: replacing the vector p; by oup; and q; by Bq; should not affect the
volume share of country i.70

D5 invariance to changes in units of measurement (plays the part of the commensurability),

D6 country partitioning test: let country h be partitioned into part (province) 1 with a quantity
vector Aqy, and a part 2 with (1-A)qy, and the same price vector for both parts, then the quan-
tity shares should be AQ, and (1-A) Qy, (or: small countries should not influence the volume
shares of large countries unduly),

D7 irrelevance of tiny countries test: denote Aqy the quantity vector of a (tiny) country k; if A—0
quantity shares of all countries should tend to the quantity shares we get if calculations are
done exclusive of country k,

70 different inflation rates o; but equal quantity growth rates [_)) leave the quantity shares unchanged.



VON DER LIPPE: HANDOUTS FOR THE MEDSTAT - COURSE ON INDEX THEORY AND PRICE STATISTICS

118

D8 (weak) proportionality (and hence also identity) test w.r.t. prices (or equivalently w. r. t. quan-
tities): upon substitution of p; by a;p; and quantities in the same manner, i.e. substitution of q;
by Biq; - that is equality of the structure (not the level) of prices or quantities across all m
countries - should result in quantity shares dependent on [3; only (= D8 "w.r.t. quantities")

D9 proportionality test: replace for country h the vector ¢, by Aqy, and the scalar (non-normalized)
country weight g, by Ag, then the quantity share of this country h should change from Qj to
AQu/[1+(A-11Qy and the share of any other country i # h should change accordingly (effect of
a changes in the mere size of a country h expressed in a uniform A -fold change in all its quan-
tities). In particular tests D9 on the one hand and D6/D7 on the other seem to be inconclusive.

Figure 8.1.7: Criteria and requirements for international comparisons

This list should not be misinterpreted as a set of non-contradictory (consistent) and independent axioms as
for example the axiomatic system of Eichhorn and Voeller (see sec. 3.3).

Axiom

Meaning

Remark

1 Time (country)
reversal test

Unique parity among two countries, A and B,
such that P,g = 1/Pg4 (choice of base country
irrelevant)”.

Not to be reconciled with no.

2, at least not in the case of

widely differing countries .

2 Characteristicity
(typicality or
equidistance)

Indices should be representative for both (all)

countries to be compared with respect to kind

and quantities of commodities *.

Condition referring to type of
weights (unusual in axiomatic
theory)

3 Unbiasedness

4 Mean value (or:
average) test

(4a for prices

4b for quantities)

A parity (price index) should lie within the
interval between P¥ and P, it should also
meet the mean value condition {= average test
4a} (the same is desired for quantity indices
Y = test 4b {independent of 4a}).

Relevance and meaning of no.
4 is difficult to distinguish
from no. 3; not clear why no.
4 this should apply to PPPs
t00.

Sa Additivity (I)
(or: structural consis-
tency [of volumes])

Structural consistency in the sense of sec. 5.2,
useful to make consistent National Accounts
for a block of countries like the EEC.

Required when deflators or
volume indices are used in an
accounting framework.

S5b Additivity (I)

(or: aggregative con-
sistency [of the index
formula] see sec. 5.2)

Required in particular for quantity indices Q,
such that the overall Q can easily be decom-
posed in sub-indices measuring the quantity
movement of sub-aggregates

Useful if comparisons are
made at varying levels of
aggregation ” (as for example
in National Accounts)

6a Weak Factor
Reversal Test
(WFR)

Price (P) and quantity index (Q) are related to
the value index (V) by PQ = V; also known as
product test

Allows for a consistent break-
down of volumes into a P -
and Q - component

6b Strict (Strong)
Factor Rev.
Test (SFR)

Like WFR and in addition: P can be obtained
from Q by interchanging prices and quantities
(likewise Q from P)

Implies that the method to
derive P (or Q respectively) is
symmetric (balanced)

7 Transitivity
7a weak, 7b strict
transitivity)

The direct comparison and indirect compari-
sons of all @ (strict transitivity) sorts should
yield the same (identical) result.

More important than in inter-
temporal comparisons, but
difficult to achieve.

1) Not only the country but also time reversal test has been criticized: History cannot be made undone, there is no "run
backward" and more often than not no meaningful result to expect (it is absurd to ask for the price of a flight-ticket 1890).
2) It is argued that the result cannot be trustworthy exactly because the country reversal test is satisfied. This is particularly
convincing in the case of very different countries (e.g. Germany and India).
3) If any two countries are treated symmetrically with respect to quantities g, qg as in the case of Fisher (or Drobisch)
indices the approach is equidistant. Equidistant indices usually are satisfying the product- or even the factor reversal-test.
4) This is supposed to be a necessary condition to perform real-value comparisons between various countries on different

levels of aggregation.

5) Requires a method using a single vector of prices (like the vector of average prices of the community in the Geary

Khamis method)

6) Known as strict transitivity, or base-land-invariance (a criterion that should be kept distinct from country reversibility. It
is possible that transitivity is given only by indirectly comparing with a specified unique "third" country (for example the
"central" or "star" country). This is known as weak transitivity.
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8.2. Overview of methods proposed for multinational comparisons

a) Introduction into solutions of transitivity d) Method of minimum spanning trees (MST)

b) Evaluation of methods (adequate for EU) e) Comments on other methods

c) Block methods (Geary Khamis {GK})

a) Methods to solve the transitivity problem

Fig. 8.2.1 is an attempt to find a structure for the multinational methods, however, some methods as
for example methods proposed by van Yzeren, or the Minimum Spanning Tree (MST) Method cannot
adequately be accounted for. Block methods can be described as follows

1. to derive transitive inter-country comparisons of m countries with respect to price indices Pap
or P; (quantity indices Q; correspondingly) we have to define m positive real numbers A, A,
.«.» Am, such that P;; =A;A; or more convenient P;; = P/P; and Q;; = Q/Q;

2. In order to comply with the product test the following equation should hold
(8.2.1) Vi = Zpiqi/Zpxqx =Pi;jQy; =(Pi/P)(Q/Qu), k, j=1, ..., m.
The methods listed in fig. 8.2.1 can be distinguished depending on how Py; and Qy; are defined, viz.

e by either referring to an average (artificial, central, block) country, as for example in the
case of the GK method, or

® by averaging over all binary comparisons as regards prices or quantities respectively of the
m countries to be compared (EKS- and related methods’!).

Figure 8.2.1: Overview of most relevant methods, part I (esp. GK and EKS — Method)

Assume m (i =1, ..., m) countries forming a block and n commodities (k = 1, ..., n), and

m vectors of the type one (for the community) vector of
price vectors, p', = [ph...pni] for country |international prices p' = [51..@“] expressed
1 with n prices expressed in its own (the |in the block's currency and if necessary also of

i-th country) currency international quantities q'
quantity vectors q'; =[qy;...q,;] of n parities p'=[P,...P, | or vector of volumes §'
quantities in country i as a result of the method

| multilateral comparisons |

— v e
block-methods averaging methods other methods
using vectors of international EKS ", averaging of Fisher CCM 9, (CPD)?, minimum
prices p and/or quantities q paritites with LS © criterion spanning tree (MST)
GK" other variant

interdependency of Gerardi -, van Yzeren -, CCD™ method

vectors p and p ECLA ¥ - method
a) methods treating the block as an entity of its own b) Eltetd - Koves - Szulc Method
c) least squares d) Central Country Method
e)Country-Product-Dummy Method (a regression method) f) Geary - Khamis - Method
g) Economic Commission for Latin America Method h) Caves-Christensen-Diewert Method

71 which therefore may also be called "generalizations of binary comparisons" (Balk).
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Eq. 8.2.1 may be specialized as follows (X denotes the central- or block-country)

P Q  PIQy (Dpd 2 | 2P| 2P
(8.2.2) P = =
P, Q, ka ka szqj' Zpqu szqk Zpqu
such that both factors Pj/Py and Q;/Qx depend on prices px (not on quantities qx) of the central

country only (note that this is true for the second factor Qij / Q. = prq i / z p.q, )- We thus

may rightly call methods on this basis average price methods (fig. 8.2.2), of which the GK
method (Geary - Khamis) is an example. In a similar vein eq. 8.2.1 may be specialised as

PQ P;Qy (Xpa. ) 2ra 2.pa,
(8.2.3) — -
P, Q, ka xk zpkqx zqux zpqu
where both factors depend on the x-country's quantities only, such that methods based on eq.

8.2.3 (as eg the ECLA method) may be called average basket methods making use of a vector
of common quantities qx or q'= [ql...qn] rather than of prices. For practical reasons this ap-

proach has much less to commend it than the average price methods.

Figure 8.2.2: Overview of some of the most relevant methods, part 1T
(with reference to R. J. Hill 1997 and B. M. Balk 2001)*

‘ Star methods ‘

/\

Symmetric star methods (Hill) (Mean) asymmetric star methods (Hill)
or additive methods (Balk) or block methods or "generalizations of binary comparisons”, or "averaging" methods

placing an artificial average country at placing one of the countries in the comparison at the
the centre of the star centre of the star ”

— —

average basket | | average price Fisher star geometric mean other means *

ECLA etc. GK, Gerardi etc uncommon EKS? and CCD” e.g. own share method

*) The scheme is again not exhaustive in that some methods like eg the minimum spanning tree, regression and
Multivariate Generalized Tornquist (MGT) method are not given mention. Furthermore van Yzeren proposed
methods belong to different categories in this system. According to Hill most methods can be regarded as one
or another variant of star methods (i.e. making indirect comparisons over a third country, the centre of a star X)

1) this description would of course also fit to the Central Country Method (CCM)  2) using Fisher indices
3) Caves-Christensen-Diewert Method using Térnquist indices
4) much less common variants using e.g. the arithmetic or harmonic mean

PO _PQ;
Pk Qk P:I( ka
giving rise to the much less known "Fisher star method" listed in fig. 8.2.2. Methods which

may be viewed as "generalizations of binary comparisons" (Balk) conceptualise ratios like
P;/Py (and in a similar manner Q;/Qy) as follows’?

P. px
825 = M{P—;j = M(PRY)

k ik

(8.2.4)

where M() denotes a mean of binary comparisons (over all i = 1, ..., m countries) using in-
dex formulas of type X. For example the well known formula in the EKS method

(825a)  PEKS =[(PE.PE, )(PEcPEy (PEcPEc)]” =3/(Phe) PLaPic

72 This applies to the EKS method or variants of it, as for example the CCD-method using P" instead of P*.
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represents a geometric mean of bilateral comparisons on the basis of Fisher (X = F) indices.
F F F 1/m
LA

m

P.
8.2.5b L= —
B30 5 =B P

Pr. PL PL ) ;
Zac TBe Zce | Z3)(pF PPF PF i the three - countries example.

F F F
PAA PBA PAC

and using P!, =1/PF, we get

b) Evaluation of methods adequate for intra-EU comparisons

Figure 8.2.3: Criteria to find suitable methods for inter-EU-comparisons

Evaluation of EU-price-parity models

«— s e

|hasic conditions | |gequired properties | |Qesirable properties | | additional prop. |
imposed by side-condi- fundamental operational ~ providing advantages in properties inherent
tions of data collection requirements application ? in the method
B: existence of list of | |RI1: full scale closed| | D1: additivity in defla- | | Al: accounting
commodities comparison tion (of volumes) for country size
l R2: transitivity D2: factor reversibility | | A2: other prop.”
v v

| the only methods left passing criteria B, R1 and R2 are GK and EKS |

v

method D1: additivity D2: factor reversal test Al: country size

GK not satisfied (quasi-additivity in | violated (only product test), |size of country i af-
comparisons of a country i to price and quantity parities fects results via quan-
the block as a whole) differently constructed tities qu; 7

EKS violated satisfied © no influence

1) incomplete list of commodities can be handled

2) also theoretical elegance 3) = structural consistency in the sense of sec. 5.2

4) meaningful parameters provided as by-product of the method, i.e. methods permits interesting interpretations
5) or "importance" of a country 6) both results due to EKS parities being based on geometric means

7) however counter-intuitively

¢) Block methods: the Geary-Khamis (GK) method

The key idea of the GK-method is to determine the "international” prices p, of commodities
(k =1, 2, ..., n) and m currency converters c; (of country i =1, 2, ..., m) simultaneously. The
common (community-, or block-) price p, of commodity k is defined with the help of the m

"currency converter" ¢; of country i as follows (a system of n equations, the summation takes
place over m countries):
CiPrilk CiPxilki
(826) I_Dk — 2 iPki9xi — 2 iPki9ki
2y Qy

where p,; denote unit values and Q is a sum of quantities (over all m countries), Ox; is a

m — ~
= _Zlcipkiaki , where o; = qki/Qk or p, = zcipki
i=

structural variable accounting for the size of a country i, and G is, as aforementioned, a cur-
rency converter (reciprocal exchange rate)’3 in order to allow for expenditures in the numera-

73 Unfortunately there is always some confusion because some writers use converters, c; as above, others prefer
to express the equations in terms of exchange rates e; = 1/c;.
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tor expressed in the same common currency unit. The converters ¢; define the price level [or
parity] of country i with respect to the whole community as follows

(8.2.7) C; = 2Py = 2P a system of m equations for m countries.

2 Pxi9xi Vi

In eq. 8.2.7 summation takes place over k = 1, ... , n commodities, and V; is the total value of country
1). The system allows, however, only for calculation of m-1 coefficients c; expressed in units of one of
the c; - coefficients, say c,, ¢3, ... in units of c;. This is sufficient as the aim is to define (purchasing
power) parities between any two countries, A and B with reference to the community as a whole. The
GK-parity between countries A, B now is defined as follows

(8.2.8) PGK _Ca_%p _ 2Pwd /XD

Cg  €a  ZPiadia/ZPildia
This way of expressing GK-parity between any two countries, A (base) and B makes clear that

1. identity is given, that is when all m prices for the k-th commodity are equal px; = ... pkm
= p, then all parities will be unity, or ¢; =¢;=1;
2. (strict) transitivity as well as country reversibility holds since
(8.2.82) P = PGKPGK = (C—AJ(C—BJ ,
Cg/\Cc
due to using a constant (for all countries) vector, p' all indices, PJX, V,;, and QSK

are transitive;
3. the product test (weak factor reversal test) is met since the factor antithesis of PZX is

(8.2.8b) oK = 2 Pidin = Qg , but the (strict) factor reversal test is not satisfied,

ZPkdka  Qa

because the quantity index gained from P{Kby interchanging prices and quantities

would be Q*AB — Zq_kpkA szquB + gg — zE)quB .
2qxPks 2Pradka 2Pkdka
4. Both indices, PZX and QYK are "additive" index functions:

Va= ZPialxa Qa=ZPiqa |ca=Qa/Va

Ve=2pwpds |Q8= 2P dws |c8=0Qs/Vs

_ Qg PCK = Ca
= AB =
Va Qa C

By virtue of these relationships all GK - indices, P° and Q°* can be broken down to the com-
modity level and aggregated to whichever subindex is wanted. This does not, however, imply
that structural consistency of volumes in deflation is given.

5. What is responsible for c,,cy etc., and hence also for PJK is the extent to which the
prices in A, or B respectively differ from the prices valid for the community of all m
countries, or in other words, what matters is the extent to which
® values (quantities of country i expressed in prices in their own currency) differ from
® volumes (that is "deflated" values Xp,q,; = Q;, or quantities of country i valued at

common prices).

6. The GK-method tends to a price index P which is dominated by the small (unimpor-
tant,) country while the quantity index QX is likely to be dominated by the big (impor-
tant) country.
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In Gerardi's method the international price p, of commodity k (in which ¢; is expressed in the cur-
rency unit of the community) is an unweighted geometric mean (no country weights)

m 1/m
829 P, =(HcipmJ :
i=1

d) The method of '""'minimum spanning trees'' (MST-Method)

The basis of the method is the notion of a "distance" (dissimilarity) between any two countries
as for example A and B using the Laspeyres-Paasche Spread or "Paasche-Laspeyres-Spread”

(PLYS) defined as
tnf P | = Pan |
Ph Pl

If two countries are quite similar with respect to the structure of consumption the results of a
P" and a P"-type index would not differ much such that D comes close to In(1) = 0.

(8.2.10) D(A,B))=

A spanning tree is a connection between a country (point, vertix, edge) i and each of the remaining m
- 1 countries such that each country is (indirectly) linked with each other country in one way only.
The "star" (second example in fig. 8.2.4) is a special spanning tree just like the chain (= "string") A-B-
C-D-E. There are no two or more paths connecting any two countries (a situation which would be
called "cycle"). Fig. 8.2.4 gives some examples of spanning trees for m = 5 countries s along with
fictitious numerical values of the distances’* (ranging from 0.07 to 0.12) of the matrix of distances.

Figure 8.2.4: The notion of a "spanning tree"

E E E

C—D A—D—C D
A— B B A—B—C

- 0.08 - 0.10 - 0.08

- 0.07 - 0.07 - 0.11 | 0.07

- 0.10 - 0.10 _

- 0.12 - 0.12 - 0.12
sum: 0.37 0.39 0.38

The criterion for the minimum spanning tree (MST) is the sum of the distances which is in the exam-
ples of fig. 8.2.4 amounting to 0.37, 0.39 and 0.38. The minimum is obviously 0.37 such that the left
configuration is the MST for the example’>.

The criterion of the smallest summed m-1 distances is equivalent to other reasonable criteria and it
amounts to the distance of the chained spreads because

In P—i‘BPL:“C In P;I‘I:C
Ps Pyc Py

Transitivity would hold if and only if P* and P indices were transitive

D(A,B)+D(B.C)= #D(A,C)=

74 In the left case we have for example D(A,B) = 0.08, D(B,D) = 0.07 etc.
75 The total distance in the case of the above mentioned string A-B-C-D-E for example amounts to 0.08 + 0.11 +
0.10 + 0.12 = 0.41, and is thus much greater than 0.37.



VON DER LIPPE: HANDOUTS FOR THE MEDSTAT - COURSE ON INDEX THEORY AND PRICE STATISTICS 1 24

e) Other methods

1. Regression (= Country-Product-Dummy (CPD) Method), 2. Model based (COLI-type), 3. Multilat-
eral generalized Tornquist method (MGT-index). With vy = piqu/Zpixqik the share of total expenditure
in country I spent n commodity k, the MGT quantity index is given as

(8.2.12) Q?jAGT = H(%} and by analogy the MGT price index Pi;VIGT = H(P ik / Pix )mk
k=1 ik k=1

where my is (in contrast to the "usual" Tornquist index) a function of expenditure shares of all m

countries, not only of just the two compared ones, viz. country i (base) and j. Thus for example

Walsh-type generalized MGT-index has been proposed where a geometric mean of all m countries as

regards the expenditure share of commodity k to be taken for my

m, = Im—[(vik ) iﬁ(vik )

i=1 k=1 i=1

8.3. Block methods
a) Central Country Method (CCM) ¢) Balanced method of van Yzeren
b) Geary Khamis (GK) method d) Other block methods (Gerardi, ECLA)

a) Central Country Method (CCM)

(8 3 1) lSL — Pt _ P)%B _ zqux/ZpAqx _ Zqux
D, B =

MOOTPE T Y Py DoPxdx D .Padx

Any two countries, A and B are compared only via X which
therefore is also called the "star" country (or "bridge" or "link"
country when the CCM is applied to two (or more) groups of A \ / B
countries). Note that the direction of the arrows is from base
country to reference country. Thus Ppax, instead of Papx)
means to invert the direction of the arrow. CCM is a method

; P X P
easy to understand, however the results are not unique but ACE) BCR)
depending on which choice has been made concerning the |
central country. Hence only weak transitivity is met. C

-1
(8.3.2) Peacx) = (PAB(X)) (country reversibility holds)

for all countries, A and B, as well as the circular test
2Pcdx _ 2Pdx XPcYx
2Padx 2ZPa9x 2Ppdx

Note that Pjy x, is still a Laspeyres type index, the identity of the base country (A) and the
country from which the weights come (X) is destroyed, however. When Paasche parities are
constructed in the same manner (by relating both, A and B to the third country X) we get more

PP
complicate expressions Py y, =8 = 2Pxds 2 Puds
Pis 2 Pada D Pxds

CCM delivers non-characteristic results (Tab. 8.3.1): In multilateral comparisons the criterion
of "characteristicity" or "specificity" is supposed to be desirable. This means that the weights
q should be specific (typical) for the country in question (or the countries to be compared).

etc.
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Table 8.3.1: Characteristicity (specificity) of the CCM solution*

Price index P Quantity index Q
formula ql;:?;giiisgigp specificity priceiii;lg(gorefer—
Laspeyres PkB(X) X only nonspecific |A and B
Paasche Py x, |A and B equi-specific | A, B and X
Fisher Py x, A,Band X specific** | A, B and X

* all statements can easily be verified looking at egs. 8.3.1, 4 and 5
** but three budgets involved, so that it is of particular interest that X is representative for all countries

b) Geary Khamis Method

The general approach of the Geary-Khamis method consists in simultaneously determining a
price level of the "community" (or "block" of countries) as a whole (vector p' of n prices for n

commodities) and a vector of parities p' = [ P§KPGK...] with respect to a numeraire country as

for example i = 1.

Figure 8.3.2: The main relationships in the GK-method

| determine simultaneously using national prices and quantities p,;,qy; |

—

n community prices (k=1, ..., n) m currency converters (i=1, ..., m)
- _ o qki _ m n__ n
(826 Py = Elcipki Yq. Elclpklakl @27 ¢ = Elpk(lki/kapki(lki =Q/V,
i - -
n equations, functions of national prices py; m equations, relating national price levels to
and national quantities gy price level of the community
m quantity indices m price indices
XPdy Q; Ci  2Puqy/2Puq5
(828b) QSK _ _pquj — ~<Jj (828) P]JGK i I_)qul/ pqukl
XPdu Qi ¢;  XPili/ Pyl

The major shortcomings of the GK-method are

the factor reversal test is violated, the product test satisfied, however (see sec. 8.2),
equi-characteristicity is violated; interestingly the result is in fact more characteristic for a pe-
ripherical than for a central country,

as to consistency in aggregation (criterion 4b in tab. 8.1.7) is violated while structural consistency
(of volumes) is satisfied by virtue of using common (community) prices for all countries,

the GK-index system also violates the price dimensionality axiom in the sense of a uniform (A-
fold) change of some, not necessarily all prices,

finally an argument of considerable practical importance concerning data requirements: the GK
method assumes data on individual prices and quantities (referring to each of the n identically de-
fined commodities in the m countries) whilst in practice very often only binary-comparison data on
the level of index numbers (comprising all n quantities) are available’®.

76 For instance Fisher indices for all possible pairs of countries (full scale data) or for only some of the country-
pairs (limited scale). The EKS-method then is applicable, whilst the GK-method is not. On the other hand meth-
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c) Balanced method of van Yzeren
d) Other block methods

ZPkB[quijl ZPKBQk Y Predi
(8.3.29) PECLA = k=1 i=1 _ k=l _ k=l

n n

x pkAI:quij| zpkAQk ;PkAqk
k=1 i=1 — k=1

Thus prices in the numerator (pxg) and in the denominator (pys) are weighted with the same quantities
referring to the total block of m countries (in contrast to weights, qa or g respectively, in the

Laspeyres - or Paasche approach). Obviously weights q, guarantee transitivity in the same way in
which a Lowe index P*V satisfies the circular test in intertemporal comparison of any three points

8330 P -popy - ZRA LRI 2RI
2.pd 2 pd P

since weights in P*" are common to all periods, not depending on either of these periods, 0, s or t.

8.3. Averaging methods for multinational comparisons

a) The EKS-method (formula and interpretation) | b) Caves-Christensen-Diewert (CCD) method |

a) The EKS-method
Formula and interpretation
1/m 1/m 1/m
m m PF- )
(3.4.1) Pfgs = {H PigP/}:i:| = {H_AFI} = |:(P/}:B ) HP/}\:iHPi}];:| .
i i Py izA i#B
Equation 8.4.1 also shows that P,g depends not only on prices and quantities of the countries i = A

and i = B, but on all other m-2 countries. Thus if the set of countries is extended all price indices must
be recalculated. The EKS method therefore is a closed system of parities.

How to read eq. 8.4.1? Two countries (m = 2), A and B only:
A product of rwo factors has to be calculated, the first factor accounting for i = A and the

. 12
second for i = B to get PEKS = [(PXBPIEA)(PIEBPXB)] =PJ;.
Hence with only two countries involved the EKS-parity equals the Fisher-parity.

Three countries (m = 3), A, B and C (each parity a product of three factors):
1/3

EKS _ | pF. pF. pF. pF_pE pF EKS_3(F)2F F
Pxg” =| PAsPas PesPapPcePac | reduces to Py™ =4/(Pyy ) PycPeg
i=A =B i=C

using identity and time reversibility of Fisher-indices. Analogously the two remaining parities
1/3 2

PRES = (P/I:c Pia )(Plgc Pis )(ch Pic )] =3 (P}:c) PisPic
/3 2

PEES = [(P};CP]gA )(PECP]%:B)(PECPIEC )] =3 (Plgc) PEAPXc -

EKS-parities pass the time reversal test, because interchanging of A and B in eq. 8.4.1 leads to

m I/m m I/m
(8.4.2) ngsz[npigpg} {HLL} !

A DF pF ~ DEKS °
i=1 Py Py Py

i=1

using the country reversibility of the Fisher formula (P;s = 1/P,;). Also transitivity holds

ods utilizing price-index material only (like EKS) involve a somewhat nebulous concept of quantity and there are
difficulties in allowing for a different size of the countries to be compared as well as for different quantities of
commodities.
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1/m 1/m
(8.4.3) PEES = {HRE } {HPFPF} [HP PF} =PISPESS

The EKS parity can be interpreted as geometric mean of all indirect comparisons between A and B
through all possible link countries i = 1, ...,m (including A and B as link countries).

13
PEKS {P:\SA P/I:B P/I:B PI"SB P/I:C PCFB ] since H PIE H PIE =1
—_—

link A link B link C

This can easily be verified using the equations for the three country case

PESS =3/(PE.f PEPE. = PESSPESS = \/(PjB) PF_PF. \/(P§C J'PE, P¥. The RHS of this eq. of
course is 3\/(P§B)2P§C !

1
—(pE.Y oF ——PJ. which is in fact P> .
EKS parities also pass the factor reversal test (see below).”’

F
PBC AB

Derivation of P***
1. by generalizing the Fisher formula

Consider a single parity between any two countries i and j P; =P, / P. such that

ij?%:%ij :%-P—lp solving for P;; gives (P ( /P)Z PP = ( )
. P, P!

i ij

A "natural" generalization using normalized country weighs fj = gi/Xg; (Xfi=1) is

(8.4.5) H[ (P /P, )]f H[ P, /P, )]‘ (fori=1,...,m) leading to

(8.4.6) P /P, = H( prpr f* = pOEcS

which is the generahzed EKS-parity (or GEKS) in the unweighted case of f, =1/m we get the
"normal" EKS solution of eq. 8.4.1.

To see this consider first the situation with j fixed and i taking on all values 1, 2, ..., m, hence
[P (/2 ) [ (e )1 [p5 (P, /2 ) = [P o/ ) 5 (P /2, ) [P (B, ) vilding

847 () (P5)..(P5)" =P, /R PP, . Now consider eq. 5 if i is fixed

my

[p- (e /e)F [PL (B /P )F [ (B /P I = [P (/R )] [PE (R, /B P (B /B)] giving

848  (er)(er):..(er )" =P "P,"..P." /P, upon multiplication of eqs. 7 with 8 we get

1 m

®4.6a) (PrRT) . (PEPE )" _1;. _ pos

EKS (and GEKS) parities pass the factor reversal test. Quantity indices can be obtained by
interchanging prices and quantities in the price index formula (eq. 8.4.1a)

2
EKS —\/(Q ) QF QF. — PESQEKS —, (ZPBqBJ 2Pcqc 2Ppds _ 2Pl
aB) RacNcs AB aB 2Pads ) 2PAds 2Pclc 2PAda

77 This can no longer be assumed if P is replaced by another index function such as Térnquist P* (in the CCD
method, see below) or P*" in Banerjee’s factorial approach functions.
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2. by minimizing a distance
The general distance minimization criterion reads as follows’8
(8.4.9) minA =minA(P,,...,P )= mln ZZg gk[ln( ) ln(Pk/Pi )]2

The function A = glgz{(ln PLf —2InP.(InP, —InP)+ (inP, - InP, )2} +
g2, {InPE) —21nPE(nP, —InP)+ (InP, ~InP, | +

) ) ) A )
has to be differentiated with respect to Py, P, ..., and set equal to zero. Thus 8_ =0 is lead-
1

21 31

P P
ing after division by 2g, /P, and using ln(Pﬁ) In(I)=0to gz(ln pr j+g3(ln pr j+ .+
2InP (g, +g,+..)=2(g, InP, + g, InP, +...) or simply
(8.4.10) InP = Zgi InP, - Zgi ln(Plf). In a similar vein examining E?Té =0 leads to
i=1 i=1 2

84.11) P, =Yg P~ g n(Pf). Subtraction of 10 from 11 yields

i=1

m F &
B4la) PF == Ty H(&j

b) The Caves-Christensen-Diewert (CCD) - method

As Fisher's index formula so is the Tornqvist index country reversible but not transitive, i.e.

W w
n p AB n p BC
the product Py, Py = [| =% IT =< where W ,; = (Wia+wip)/2, and W .,
=1\ Pxa k=I\ Pxs
Wac
— . . T _ Pic — = =
W ,c correspondingly not necessarily equals P,. = H —= unless W, =Wp.= W,¢.
=]\ Pxa
A simple method to guarantee transitivity is to take an average of any two-countries-comparison as
done in the Caves-Christensen-Diewert (CCD) index, recommended for international price compari-
sons. In analogy to the EKS system of parities

i/m 1/m

P pF

(8.4.1) P = (HP/: J = {H—AFI} the CCD index is defined as
"

i Bi

1/m

II_nI(P/Il) m T l/m
(8.4.12) PP =L (H *}rj or equivalently
Py, =1 P
Q( Bl)

78 The logarithmic distance functions A is introduced in order to make the resulting multilateral transitive indices
deviate the least from the non-transitive binary indices.

79 1 saw no proof spelled out in detail in the relevant literature. So I demonstrated the details of the proof in my
book "Index Theory and Price Statistics".
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84.120) 1(PE)= 2 1n(PT)- L S 1n(P] ). Obviously P in fact is transitive since
m :

i=1 i=1
1/m 1/m 1/m
m PTi m PTi m PTI
e =T (115 ([T -romie
=1 tai 1=1 1Bi 1=l tci
To demonstrate this in the m = 3 country case examine the matrix T of logarithms of parities
T T
0 ln(PABj in(PT.)
T= —ln(P/IB) 0 ln(ch) then eq. 12a applied to In(PSS) gives
T T
_ln(PAC) _ln(PBC) 0

30(PEP) = S n(Pr) - S n(Er) = (Pl )+ (L) - (- 1n(PL)-1n(PL.)) or In(PSP) =
i=1 i=1

2
%m(PgC)—%[—1n(P§C)—1n(P§B) thatis PEC” ={(PT. | PT PL . justlike eq. 8.2.5a
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