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Abstract/Summary

The paper is dealing with a proposal first made by Ivancic, Fox and Diewert (Ottawa Group Meeting
in Neuchatel 2009) to create transitive indices by averaging direct (not chained) Fisher indices which
themselves, however, are known to lack transitivity. To require transitivity means that a// indirect
comparisons between A and B (via C etc.) are consistent with the [only] direct one, viz. Pag. This
restrictive property appears justified in the international framework — for which the original GEKS
methodology was devised —, but it may be called in question as "over-ambitious" in the intertemporal
situation where only some indirect comparisons are relevant, viz. those between adjacent intervals as
they are used in the chain index method.

It is misleading to describe the task as removal of "chain drift" because here (as in the problem GEKS
dealt with) no chain indices are involved but only direct Fisher price indices.

There are three types of index functions in the order of increasing complexity and data requirements,

chain indices P,,, direct indices Por, and GEKS indices (where the formula also encompasses besides

Py: 2 number of additional direct indices of the Py and Py, type). So when it suffices to provide the
chain-index-type of indirect intertemporal comparisons (over a sequence of adjacent intervals, like 0-
1-2-3-4...rather than also indirect comparisons of the sort 0-5-3-8-2 ...) it seems to be reasonable to
confine onselef with the least demanding chain indices. To advocate (R)GEKS in favour of chain
indices on the other hand requires good arguments as to their (alleged) advantages. However, we can-
not see them, but see many disadvantages of the (R)GEKS approach instead.

As various values can be chosen for m, the number of periods taken into account in a GEKS index (or
in RGEKS, its "rolling" variant) provides a number of different (and equally legitimate) indices P for
comparing the same two periods, s and t (by contrast to the other two index types which both yield a
definite result here) leaving it open what should be viewed as the (?) "drift free" index series. The
RGEKS method (of which the chain index is the special case of m = 2) is designed to avoid the re-
computing of previously computed indices Py or Py (s > 0) when a new period t+1 becomes available
(a problem not arising with the other two index types). It does so, however, at the price of losing the
transitivity property of GEKS (for a given m). Moreover, just like chain indices RGEKS indices de-
pend on the frequency of updating, they can display fluctuations around a positively or negatively
sloped trend when price movement is cyclical and has no trend and they can remain unchanged be-
tween two periods, s and t, although prices in s and t are different, and rightly reflected by Py # 1.
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1. Introduction

The paper is dealing with a proposal first made by Ivancic, Fox and Diewert (2009)! - or IFD
for short - to handle the transitivity problem with chain indices (chained price indices in par-
ticular). The problem arose in the context of high-frequency (weekly, monthly) chaining of
unit values and price indices based on scanner data. In order to ensure transitivity IFD pro-
posed to adopt methods, initially developed for international comparisons, where transitivity
is of paramount interest. The method in question to gain transitivity is known as GEKS-
method, an acronym alluding to the four inventors of the method, Gini, Eltetd, Koves, and
Szulc.2 Also in use are the names RGEKS, RWGEKS, or RYGEKS, meaning "rolling", "roll-
ing window", or "rolling year" GEKS. "Rolling" refers to a kind of moving average methodol-
ogy, adopted in order to cope with the problem that GEKS indices are incomparable when
calculated from time series of different length.

I Lorraine Ivancic, Kevin J. Fox, W. Erwin Diewert, Scanner Data, Time Aggregation and the Construction of
Price Indexes, May 2009 (Ottawa Group Meeting in Neuchatel).

2 In the literature the practice to mention Gini in addition to EKS only came in use a bit later. IFD prefer to use
the acronym GEKS (Gini - Elteto - Koves - Szulc), however, GEKS is also used for "Generalized GEKS" where
m normalized country weights are assigned to the m countries (see von der Lippe (2007), p. 554). Also the Dutch
van [jzeren 1956 is sometimes quoted as an inventor of this method. While the GEKS method is using Fisher-
indices P*, another method of deriving transitive parities, the CCD method (Caves - Christensen - Diewert) is
built on Térnqvist indices P".
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The paper examines the properties of the GEKS-approach to make a series of transitive indi-
POC:EKS

ces from non- transitive direct Fisher price indices P;, .3

Some problems with that method are quite obvious. To begin with the derivation of the

GEKS-index-formula requires a time reversible index, like P;, (because P, = (POFt )71) as "raw

material" for the GEKS-formula.# In such index functions like P" use is made of quantities of
both periods, qo and q; in a symmetric fashion.> Ideally both q's should refer to the same col-
lection of goods. This may be less of a problem with a chained Fisher index where only

"links", referring to adjacent periods, such as P =P, P, =P/, etc. are needed to create a
"chain" P, = PP} ...P" by multiplying the links. By contrast, the direct index, say P, is
much more difficult to compile, because it requires in period t = 6 quantities q¢ and gy and not
only quantities g and gs, so that to ensure identity of goods may well prove problematic. And
the GEKS method is even more difficult to implement, as calculating P> makes it necessary

to have not only the direct index Py, but also a number of additional direct indices like P;,,
P’, P,,,P,, ... as factors in the formula for Py,

So we may conclude as a first result that we have three kinds of index numbers in the order of
increasing complexity and data requirements: first a chain index P,, = P'P)...P], then the di-

rect index P}, ,6 and finally the GEKS-index Py;**, as a geometric mean of a number of such

direct Fisher price indices. Hence GEKS indices are considerably more complicated than any-
thing else, and possibly unduly complex if you try to infer their properties and to give an easy
to understand interpretation to empirical results gained with them.

This may trigger the quite obvious question: is P& really so much better than PJ; (or also

P, ) to justify this extra expense. To mention it right at the outset: the "message" of this paper
1s, that they are not worth coping with all these difficulties.

Moreover as a second result we may state, that there is no unique GEKS-index for any two

periods compared, say 0 and 3. The result for P2™® from a series going from 0 to 3 (so that m

= 4 periods are involved), that is POC_%L) for example, will in general differ from the GEKS

index for the same two periods, 0 and 3 when it is calculated from a series goingtot=4ort=

3 In what follows the first subscript denotes the base, the second the reference period. The superscript denotes the
kind of index function. A chain index is distinguished from the corresponding direct index of the same type and
for the same interval by a bar. Our notation is a bit different from IFD's notation: IFD use P(i/j) as "level in i
relative to j" in the sense of our symbols Pji. In IFD's notation we have e.g. the vector P(j) = [P(1/j) P(2/j) ...
P(15/j)] when 15 months are considered (a preferred application of GEKS in IFD). This would be in our notation
P(A) =[Paa Pag Pac ...].

4 Note that transitivity implies identity and time reversibility, but the converse is not true (for which P¥ may serve
as a good example).

5 This is in no small measure quite demanding as far as the data requirements are concerned. Other time reversal
indices would be the Toérnqvist index P - as in the above mentioned CCD method - or the Walsh index (P"). To
my knowledge nobody yet studied the formulas we would get with a the GEKS method based on a much simpler
(and thus possibly more readily available) index, like Laspeyres P" which, however, fails the time reversal test.

6 Note that for the chain index it is only necessary to have quantities for the same goods referring only to two
adjacent periods at a time. This precisely is what is seen as one of the major advantages of chain indices. With
them it is easier to handle the withdrawal of old and entry of new goods. in an index. However, this advantage
vanishes in an GEKS index. The GEKS formula, say for Pos requires availability of fully comparable quantities
do> 91, ---» 46, rendering it much less convenient an index design than the chain index formula.



PETER VON DER LIPPE, NOTES ON GEKS/RGEKS-INDICES 4

5 etc. with consequently m = 5 or m = 6 etc. periods involved, so that P>, will differ from

GEKS
P

03me4) » and Poi’zizé) will again differ from PO?((:]:S) as well as P>

03(m=4) CtC-

Furthermore it turns out that the GEKS formulas become ever more complicated the longer
the time series from which they are calculated (the greater m is). Of course all these indices
for comparing 3 to 0 are equally legitimate and one as well reasoned as the other. Thus the
GEKS method fails to provide a unique "drift-free" series of index numbers, unless m is fixed.

In order to overcome such difficulties and work uniformly with a fixed m it became common
to combine the GEKS method with a "rolling" device so that the calculation is based on peri-
ods 0 to period m-1, then from 1 to m, from 2 to m+1 etc. The properties of such a modifica-
tion of the GEKS method deserve a careful scrutiny. It does not come as a surprise, for exam-
ple, that (unlike "standard" GEKS-indices) a series of rolling GEKS indices no longer satisfies
transitivity(the property which to guarantee was the very purpose of developing the GEKS
method). By adopting a "rolling" procedure the GEKS method also comes closer to a chain
index, which is known for its "chain drift" (intransitivity). It may be interesting to note that the
usual chain indices are just the limiting case of m = 2 of a rolling GEKS index.

Finally it is known from simulations and empirical studies that GEKS-indices may well yield
some awkward and counter-intuitive results (in no small measure resulting from the generally
known shortcomings of high-frequent chaining). It is well known in particular, that a chain
index may rise or decline beyond limits undulating around a trend when the price movement
follows a regular cycle without a trend, however. We will see (and demonstrate in a numerical
example) that this is true also for an RGEKS index, when the length m of the window is dif-
ferent from (a multiple of) the length of the cycle.

The structure of this note therefore is as follows: It appears useful to start in sec. 2 with some
explanations concerning the notion of "transitivity". The relatively short sec. 3 presents the
various quite complicated formulas used to derive the GEKS indices from bilateral Fisher
price indices Pj,. It may be confusing but the formula of P, can be written in many equiva-

lent ways. In sec. 4 we demonstrate in more detail the complexity of the GEKS formulas, and
the relations between them. In sec. 5 we take a closer look at the "rolling" methodology, and
sec. 6 makes reference to some empirical results, and draws some conclusions.

The sections 2, 4, and 5 are the most important ones. A particularly detailed discussion of the
notion of transitivity in sec. 2 may (hopefully) shed some light on the question: do we really
need the GEKS approach in the intertemporal framework and why shouldn't the simpler chain
indices do the job just as well? And sec. 4 and 5 contain the bulk of our criticism as regards
GEKS-indices, and RGEKS-indices respectively.

Hence some details concerning the three sections (sec. 2, 4 and 5) seem to be opportune to be
mentioned already right now. Ironically transitivity may be considered more essential a quality
in the case of international rather than intertemporal comparisons.” This seems to be "ironical"
only at first glance, because in the case of m countries there is no natural order, whereas with
periods in time O precedes 1, which in turn precedes 2 etc. (a fact exploited in the idea of
chaining). On the other hand this means that many more reasonable indirect comparisons are
possible in the case of countries, when no natural order exists. And this is just what transitiv-
ity is about. In essence transitivity requires that all sorts of indirect comparisons between any
two situations yield the same result; for example between countries say A and B via country

7 A transitive international comparison between any four countries, say A, B, C, and D, means that the direct
parity P g coincides with all sorts of indirect parities as for example PcPcg or PAopPpcPcs etc.
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C, or via countries D and F. In intertemporal comparisons, however, not all indirect compari-
sons appear equally meaningful. We may compare t = 0 with t = 3 via periods 1 and 2 (as done
in a chain index), but with good reasons we will refrain from comparing 0 to 3 via periods in
the future, like 5 or 6. So it is not surprising that transitivity is more important when dealing
with countries rather than points (or intervals) in time, and that in the intertemporal frame-
work a "need" for transitivity may well be questioned.®

Against this backdrop it is not at all a matter of course to view transitivity desirable in an in-
tertemporal context and to consider a method designed for international comparisons to be
transferable without modifications into the intertemporal situation.

Hence it appears useful to provide a more detailed analysis of the notion of "transitivity" (as
done in sec. 2), because transitivity is the central concern in the GEKS-method. In this context
it is also appropriate to recall the sometimes obscured relationship between "chaining" and
"chainability" (as a synonym for transitivity). It sounds strange but a chain index is gained
from chaining (multiplying links) but it is not "chainable". It is rather path dependent instead,
and path dependence is just the very opposite of transitivity.

After presenting the GEKS formulas in sec. 3 we try to make clear in sec. 4 that the formulas
(and the relations between them) are indeed quite complicated. They become more and more
complicated, the greater the number m of periods taken into account for compiling such an
index.? GEKS indices are in essence weighted geometric means of a number of Fisher indices

relating to periods 0, 1, ..., t. Moreover, when a new period t + 1 appears two problems arise
e to update the index: the relationship between P and P> is more complicated than

= POt ) Pt+l - to
proceed for example from the series of indices Py;, P2, Po3, with m = 4 periods (0, 1, 2,
3) to m = 5 periods with a new period t = 4 you need no less than four new direct indices
P,,, P\, P),, and P;, to calculate Posm=s) from Po3wm-4y which requires data for no less

with chain indices where only a "link" Pi¢y; = Py is needed to form 1_)0,t+l

(in order to update P to P,, the only "new" index needed is P;, =P} ),

e you should also, as a second task, re-calculate all former indices because Poim-=s) #
Po1(m=4), Poam=5) # Poam=4) etc.10 (there is no such re-calculation with direct or chain in-
dices; this is a typical GEKS task; once P, is given there is no need to review Py, ,

Eft_z etc. (and the same is true for the direct index P,)).

It is just this need to re-calculate all previously compiled indices once a new period t + 1 ap-
pears, which gave rise to the "rolling" method to be discussed in sec. 5. By "rolling" we get rid
of this task but unfortunately also of transitivity, the reason for which GEKS was made.
Moreover nothing can be offered in the ways of a theory for the choice of m, the length
(width) of the "window". It is hardly more than a convention when IFD recommend a window

8 By the way, this explains also why in our view also country reversibility (ensuring a unique parity between any
two countries) is much better motivated than the famous "time reversal test".

9 We call this number m (by analogy to the number of countries in the GEKS method). With a time series and
periods 0, 1, 2, ..., t the number m usually is m = t+1.

10" | when a new period of data becomes available all of the previous period parities must be recomputed" (IFD,
p. 22). Note also that other indices will also change (although they may not be so interesting as Py, Py, ...), for
example Pi3gn-s) # Pi3m-4). When a new period 6 (in a series going from 0 to 5) is added to the time series, not
only all 5 indices Py, Py, ... Pgs (but also ten other indices like P4, or P35 etc.) will change. Note that the re-
calculation of indices of the past (what we called the "second task") does not apply to chain indices, as there all
former indices remain unchanged when a new period becomes available.
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of m = 13 months. Given that different choices of m may be made the rolling as well as the
standard GEKS method is unable to provide an unequivocal empirical result (by contrast to
direct and chain indices). The method rather provides many different results as there are many
different m's which to choose would be equally acceptable.

This brings us to the problem of defining the notion of "drift". IFD extensively made use of
the concept of "drift" and of a "drift free" index. The term "drift" requires a well defined target
track from which the actual track is "drifting" away. "Drift" in the context of chain indices

usually means the extent to which a chain index like P differs from the corresponding direct
index (P,,). So the function D] =P} /P} is known as drift-function for a Fisher price index.
However, given that the GEKS method aims at a transitive index the direct Fisher index Pj,
which is not transitive cannot possibly serve as the target from which another index (which
index?) is said to "drift" away. So "drift" in this case can only be meant as divergence of P,

POGtEKS. The problem, however, is — as al-

(and interestingly, now also of P;,) from the index
ready mentioned — that there is not rhe unique P;;"™* but a number of different Py indices

depending on m, the periods taken into account.

2. Transitivity and "chain drift"

Although IFD speak of "chain drift"!! their problem is a general transitivity issue of indices,
irrespective of whether chain indices or direct indices!? are involved. To exhibit a "drift" in
the case of a chain index is only one of several aspects (or better, consequences, of non-
transitivity. It is useful to make a distinction between three different situations in comparing
indices

first index
direct chain

direct 3 1
chain 1 2

second
index

The common feature of all three variants of the same underlying intransitivity problem is that
there is only one way of comparing two things directly!? but as a rule there are many ways to
compare them indirectly (via some third thing and by multiplying) and intransitivity (or "drift"
if you like) is given when any one of the many indirect comparisons (no matter which one)
diverges from the unique direct one.

Transitivity in this general definition covers the following three phenomena

1. Drift as divergence of a chain index from a direct index: the term "chain drift" is in gen-
eral used in the sense that a chain-index P, =P, P,..P_,, (or simply P, =PP,..P) is

drifting away from its corresponding direct index Py such that

11 The term "chain drift" (instead of in-transitivity) seems to be misleading and seems to be used in the GEKS-
literature simply as a synonym for intransitivity. Initially I thought the topic of the IFD-Paper would be about
chain indices. This came as a surprise, because the GEKS method was not devised for chain indices but to rem-
edy the in-transitivity of direct (not chained) Fisher indices.

12 A "direct" index Py, is comparing two periods, 0 and t directly, using solely prices and quantities of these two
periods and not also of intermediate periods, 1, 2, ..., t-1 as this is usually done in the case of chain indices.

13 We are disregarding for the moment the problem that a choice has to be made among a great variety of formu-
las (for example of Fisher, Laspeyres, Paasche etc.) for direct indices.
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(1) P, =PP,..P, =P, (the term DP,, =P, /P, may be called "drift" of the price in-
dex in question, and this definition may apply to all sorts of chain indices, e.g. for P, as
compared to Pj,). As a consequence in particular the chain index can well fail the multi-
period identity (or circular) test P,, # 1 (while the direct index satisfies, as Pop = 1).14

2. Comparison of chain indices that differ in terms of partitioning of the interval and fre-
quency of chaining: transitivity requires the result for an interval [0,t] to be the same no

matter how it is subdivided (partitioned) into two [0,s], [s,t],! three [0,r], [r,s], [S,t], or
more sub-intervals, that is

(1) Pot = PosPst = PorPrsPst (for all values of'1, s,...).
The word "all" here cannot be emphasized too much.
A distinction now should be made between

2a. The same interval but different frequencies (of updating): It is easy to see that e.g. the
Laspeyres index (t = 4) is not transitive in the following sense

) pL = Zplqo szql zp3q2 Zp4q3 LPY szqo zp4q2 .
" zpoqo Zplql zpzqz zp3q3 " zpoqo szqz

This will be demonstrated in a numerical example in the appendix. Note also that both
chain indices P,;, and P,; will in general differ (or "drift away") from the direct index

POL4 = Zp 4o / Zpo% (a fact that refers back to point 1).

Interestingly it will be shown that, what we observed regarding P,,, and P,; as chain

indices applies also to GEKS indices
Another situation is

2b. The same frequency (of updating) but different partitions of the interval: if the kind of
chaining is the same (i.e. they are uniformly annually or biannually chained and use is
made of the same formula for the links) then any!6 type of chain index fulfills

3) P,=PpP, =P P, when P, =P,P,.P ,and P, =P P P

—1,82 s+ s+ls+2 T t—1t

"by construction". This should be kept distinct from the "chain drift" (discussed above
under 1), that is the fact, that a chain index P,, is in general not "chainable", although
gained by multiplying (also known as "chaining" or "chainlinking").

3. Intransitivity also arises when only direct indices are involved. This may better be dem-

onstrated in the interspatial (e.g. international) case with countries A, B, C, ... For exam-
ple a (direct) Fisher index comparing two countries, A and B is given by

14 When for all prices pio = pi applies, i = 1, ... , n, then the index should yield Py = 1. Some authors define
"chain drift" as violation of identity. It should be kept in mind that a chain index may violate identity (or more
general proportionality) although its "links" (link indices) P, are index functions that are able to meet these
criteria.

15 The original notion of the "intercalation" criterion in index numbers (as "transitivity" formerly was called) was
the idea that the two figures for the two half-year results should be consistent with the result for the full year. We
may say then that s "intercalates" the interval [0,t] to form the two sub-intervals [0,s], [s,t]. Likewise the twelve
figures for months and the four figures for quarters should be consistent with the result for the year as a whole.

16 Therefore no superscript L (for Laspeyres) is involved in eq. 3.
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P:'ds [Ps'q ~ |Ps'd
P/I:B:\/BB\/BA:VABBAﬂ

PA'ds \PA's PA'ds

where vector notation is used, and Vg is the "value ratio". Multiplied (or "chained") in-
direct comparisons via C as a "third country" will give a different results

f,/EB(C)zpicpé‘Bz\/(pc:qA)'(szqc)'(pB:qB) :\/V_AB\/(pCZqA)'(pB:qC) ¢P§B’
(PA'dx) (PA'Ac) (Pc'qR) (PA'qdc) (Pc'q5)

such that (1) is violated because here Py, # P,.P.,. In a similar vein we have

Bl = PL,P, = \/VABJ (o 92):Ps 4o) . pr.ang Bl,c.p) = PLR,PE, # L.
(PA'qp) (Pp'ds)

So (direct) Fisher parities are clearly not transitive.!” And it is this problem for which the
GEKS method is designed.!8

Point 3 is, however, not totally unrelated to situation 1 where we rightly speak of "chain drift".
The reason is that the third concept clearly is the most general one of the three. The problems
(1) and (2) would not occur with a transitive link indices (factors) in the chain (the product of
such factors). For example with a Lowe index P"° as link, we get

P = Zplq ZPZQ Zp4q =P»" = szq Zp4q =P = Zp4q instead of (2), and the

3P O D pdamd D peg

same is true with the transitive unweighted index P, = o Pit o Jevons.
Pio

It should be noted, that transitivity is tantamount to imposing very restrictive conditions on the
Py Py, ... P,

PIO P11 Pn

matrix!® P = , to be more precise: they require P to be singular (so that

PtO Ptl e Ptt
|P| =0),20 which brings us quite naturally to the question: Are these conditions possibly un-
necessarily restrictive? I think they are indeed.
In the interspatial case (countries A, B, ... ) it appears legitimate to consider all possible indi-
rect comparisons equally important. It may be difficult if not impossible to decide that com-
paring France with Spain via Italy (so that Prs = PgPis holds) might be more reasonable than

comparing France with Spain via Greece (so that Prs # PrgPgs may well be tolerable if only
Prs = PrPis holds).2! By contrast in the intertemporal case we have good reasons to view some

7 Transitivity (concerning multinational comparisons) requires that al/ indirect comparisons between any two
countries, A and B obtained by using other countries, like C as link should be equal to the direct index.

I8 TFD unfortunately spoke of "chain drift". I call this "unfortunately" because in this case (that is the EKS or
GEKS method to make international comparisons transitive) originally no chain index was involved.

19 Cf. von der Lippe (2007), p. 76 (I owe this insight concerning the matrix P to Pfouts).

201t can easily be seen that this is true if P;; = PyPy; and therefore also P;; = 1 and P;; = 1/P;;.

21 With real indices (as opposed to the indices in P where lp| = 0) this may well be possible, because it makes a
difference whether we take an Italian or a Greek "basket" of consumer goods. So transitivity is in fact very (or
unduly) restrictive.
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indirect comparisons more important than other ones. For example we may argue that it seems
reasonable to compare 2013 to 2010 indirectly only in one manner, viz. via 2011 and 2012 as
done in chain indices, and that all other possible indirect comparisons, e.g. via 1868 and 2018
may be pointless. Thus, as aforesaid the intertemporal situation is different from the interna-
tional one in that only some specific indirect comparisons, but not all need to be consistent.

In view of the reduced number of meaningful indirect comparisons in the intertemporal case
one may ask: Is there an index function P for which holds P = PysPy; but at the same time not
Pyt = PoPyt (so that Py, # Py.Pyt), so that some, but not all indirect comparisons are consistent in
the sense of yielding the same result. To my knowledge the answer can only be no. Either all
possible indirect comparisons are consistent and coincide with the direct index, or they are
not. We only have index functions which are "full fledged" transitive or intransitive, there is
no such thing as partial transitivity in between. One single inequality, as for example

Py P, # Py (and thus the existence of a drift Pl /Py, #1 where Pf, , =PL P,) is suffi-

cient to consider the index function (Fisher in this case) intransitive altogether. In this situa-
tion we can make a choice among two strategies to avoid ambiguity:

1. We may require "full" transitivity, which clearly seems more desirable in the interspatial
case than in the intertemporal, or

2. we decide to make things unequivocal despite intransitivity, by simply declaring one
(and only one) indirect comparison as the only "legitimate" one, for example Py =
Py1P1> ... Ps¢ with the consequence of discarding all other possible indirect comparisons
(e.g. PosPs2P2s) as well as the (only) direct comparison (i.e. the direct index), that is we
regard Py Py, ... Psg as the "correct" index rather than Pyg.

The second strategy amounts to the chain index approach in the intertemporal framework, and
to the minimum spanning tree (MST) method in international comparisons. The selection of a
unique sequence of indirect comparisons is based on chronology (providing a uniquely deter-
mined sequence of equally spaced adjacent intervals) in the case of chain indices, or on the
similarity of weight-structures (e.g. consumption patterns in a CPI) in the MST case. The
MST can be viewed as the "international" counterpart of the "intertemporal" chain index.
Though the transitivity problem is not really solved (which appears acceptable as no "full"
transitivity is required) by such a method, we at least got rid of the (from intransitivity) ensu-
ing ambiguity, and this may be good enough as a result.

In intertemporal comparisons a sequence of adjacent and equally long intervals is clearly a
more "natural" choice than any other indirect comparison. So chain indices cover the only
practically important type of indirect comparisons. They are much simpler to implement than
GEKS indices and this may well be more important a criterion than the fact that with GEKS
indices some additional (and less relevant) indirect comparisons can consistently be made. In
my view a sensible position regarding GEKS indices therefore is: search for their (preferably)
significant advantages over chain indices and if you can't find them be satisfied with the much
simpler chain indices.2?

22 In the case, they are found unsatisfactory; it might perhaps be a better idea to strive at a "pure" comparison
with an appropriate direct index than to follow the RGEKS methodology.
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3. Formulas for the GEKS index
3.1. A host of formulas for the same thing

Transitive GEKS parities are gained from averaging over all binary comparisons as regards
prices or quantities respectively of m countries to be compared (GEKS and related methods
like CCD therefore may be viewed as "generalizations of binary comparisons" (Balk). The
problem of GEKS indices is firstly, that many apparently different and complicated formulas
exist for them which in actual fact amount to the same and secondly that the derivation of the

GEKS-parity by minimising the distance Pmig)l Zi Zk []n(PﬂE )— ln(Pk /P, )]2 is rarely spelled out

in detail,?3 so that the interpretation and rationale of GEKS might not be easily and well un-
derstood.

With m countries the GEKS parity between k (base country) and j (comparison country) is
given by

1/m 1/m
4) POEKS — P_'€P_2FJ P_Y:J - HP_‘JF
ARG R A SR

which is due to the country reversal test?* P., =1/Pk, equivalent to

1/m

(4a) PGEKS (HPMPUF] and
1/m
(4b) P = (HP; H j .

We demonstrate this with m = 3 countries A, B, and C (k = A, j = C); then (4a) is

i=A i=B i=C

(4b*) PGEKS [(PF P, P/fcx Plchgc)}m :3\) (Pic)zpzzBP;C .

Because of the time reversibility (4) can also be written as

1/m
P, P, P/

(40) PGEKS [ k}} sz . .%J s
PF PL P

1/3
(4a%) PO = {PLP&P&P&P&P&] Y(PE.FPEPE. , and (4b) is
e e e

and in the three countries example a presentation of the P°"*® formula analogous to (4) is

PF PF PF 1/3 PF PF PF 1/3
P =| AC_BC_CC | "and to (4¢) respectively Py =| A4 _aB_ac |

I)AA 1)BA PCA PCA PCB PCC
Translated into the intertemporal context the equivalent of eq. 4b is

o o= LI TTRTTR |

t=0 t=T

23 See for example von der Lippe (2007), p. 555.
24 This is the interspatial counterpart to the time reversal test.
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which appears to be quite convenient (though, as shown above, there exist many other equiva-
lent formulas). So for example with three periods 0 and 2) we have (m = 3)

(5a) PoGzEKS = 3\) (P()Fz)ZP(f 1P1F2 >

derived from (4b) 3T PE]T,Pf = {/PiPiPs, - PPLPs, which simplifies to (5a) as P = 1.

Another quite interesting way to present the formulas for GEKS indices can be found in tab. 2
below.

3.2. What makes the indices transitive?

It now also can easily be verified that the GEKS index meets transitivity?> Taking three peri-

ods, 0, 1 and 2 we get Py = 3\/(P0Fz)ZPOFlP1F2 and

(sb)  RSSRSS =3(pr F pLps A (PL T PERE,

F
12 01

. . 1 1 C .
the RHS of this eq. of course is 3\/ (POF1 )2 P, (PIF2 )2 —- Py, which in fact is equal to Pj;"".

Note that the GEKS indices differ from the corresponding direct and chain indices. For exam-

ple P = 3\/(P§2)ZPOF]P1F2 = 3\/(POFZ)ZI_30F2 differs from both, P}, and P;, =P} P.

Egs. 4b and 5b also explain why GEKS indices are transitive. It is well known that an index
Py 1s transitive when it can be written as a ratio of some sort of absolute levels, Py, = IT/T1y.

i varar  APePaP, Tl
So we have from (5b) POC;EES:Q =3 (POZ)ZPOFIPIF2 =22 203 “and in the same manner

FpFpF
3\/PooPlopzo HO(m=3)

YPLPAPY,  T0,.- YPEPEPE T,
we can write Poes = Y OLIE2L 103 apgd poss = 21222 20 [g6 that nu-
" afprpipr T ™ sfprprpr M

00110120 0(m=3) ort11t21 I(m=3)
merator and denominator can be viewed as geometric means (or price levels). Now it can eas-
ily be verified that P>, =Py PO, . For m > 3 the GEKS indices may of course also

4[pFPFPFpF
pOEKs  _ P01P11P21P31 Hl(m:4) PpOEKS

= = and
01(m=4) FoFoF T > 01(m=5)
4\/PooP1 0P20P30 HO(m:4)

be viewed as ratios of price levels as follows:

written as (in analogy to (4b)) as product

1
(6) Pﬁfﬁi@ = 5\/P OFOP(iP(fZP(;POZ '5\/P0FlP1FlP2FlP3F1Pfl = (HO(m:S)T Hl(m:S)'

3.3. GEKS and chain indices

With m = 2 the index Pjj1°, = Py can also be viewed as ratio of price levels T, , /Ty,

2 | pFpF
Hl(m:Z) _ POIPII GEKS F

o, = Z\/PFPF = P)\(m=2) = Py, 1n line with a general definition of the
(m=2) 00710

"level" IT,,,, = “\1/ Py P PP, . That chain indices may be seen as a limiting case of GEKS

which are defined as

25 GEKS parities also have some other useful properties. They pass the factor reversal test. which can, however,
no longer be assumed if P" is replaced by another index function such as Térnquist P (in the CCD method).
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indices will yet become clearer when we look at the rolling GEKS method. With m =2 we

cannot express P>, covering more than two periods, viz. 0, 1, and 2. This is where the

rolling approach has to take place by providing the estimate ngf;iz) = Po(if;iz)le, with a "link"

(or link index, because it is again a GEKS index) L, as will be seen later. Hence the usual
chain index is simply a special variant of the RGEKS index.

3.4. The ambiguous notion of "drift"

While the notion of transitivity is quite clear (because there is only one direct index), this does
not apply, however, to the concept of "drift" or "chain drift", a term unfortunately sometimes
used synonymously to transitivity. "Drift" requires the decision to select a series as the rele-
vant "drift free" or "target" series, and there is more than just one option.

Note also that P,, # P, means that the chain index has a drift (measured against the direct
index Pj,). Here P;, serves as target. But this cannot be satisfactory, because Py < also dif-

fers from P,,, and thus has a drift too (when measured against the direct index?®). Thus with

02>
GEKS-indices divergence from the corresponding direct index cannot be the criterion. On the
other hand as there are many values of m possible we may also define many GEKS indices as
"drift free". There does not seem to be the "target" index against which a "drift" is defined.

Can we circumvent the problem to define a definite "target" by saying that P} is "drift free"

because P)™° =P PS™*? This cannot be a solution for the simple reason that the much

simpler chain index formula also satisfies P), =P, P, =P P,, the equivalent equation.??

Transitivity the outstanding feature of GEKS indices implies more than just this kind of indi-
rect comparison between 0 an 2. But is this an advantage? Are the potentially feasible addi-
tional indirect comparisons relevant and worth being considered in practice? Moreover transi-
tivity of GEKS indices is only given for indices with a common m. For example

GEKS _ 4 F FpFpF pF GEKS GEKS _ 3 FpF FpFpFpF
POZ(m:4) - \/(POZ)ZPOIPIZPOSP?,Z # POl(m:3)P12(m:3) - \/(P01P12)2P02P21P13P32 :

To sum up: Much like chain indices also GEKS-indices in the last analysis basically combine
a number of binary indices. By contrast to chain indices, however, the GEKS-method gives us
many different formulas which yet amount to the same formula, and which are much more
complicated than the corresponding chain index formulas and which need for their compila-
tion also direct indices referring to periods possibly wide apart and not just adjacent only.

For those who advocate GEKS-indices this may be well acceptable because such indices are
designed to provide transitive, or "drift free" index numbers. It remains, however, a problem
to define "drift free" and it should be noted that "standard" GEKS indices, are transitive only
within a system of GEKS-indices of a given number m of periods taken into account in form-
ing the GEKS-indices, and that this does not even apply to the so called "rolling" method, that
is to RGEKS indices.

26 Tt should be borne in mind that most of what is conceived as index theory (for example in the ways of utility
maximization on a given preference function etc.) is aimed at a direct index Py, comparing 0 and t.

27 1t is not easy to see why GEKS indices should be preferred over chain indices, when only specific (chain-type)
indirect temporal comparisons are taken into consideration. The "advantages" of the GEKS approach become
apparent only when an index, say Pgg is considered as generated by "links" like P74 or P34 etc. rather than links
referring to adjacent periods Py, Py;,...Ps5 only.
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4. The (standard) GEKS-formulas are complicated and they depend on m

The GEKS index consists of 2m — 3 direct Fisher indices when m periods are involved, and
therefore of 2(2m-3) ratios of sums of price-quantity products, a number which is rapidly
growing. In the case of m = 15 (as it is preferred by IFD) we have to provide 27 indices and
this means no less than 54 ratios with different price and quantity vectors for each period (eg.
month) for which the index is to be compiled. As m increases the GEKS index will become
ever more complicated and as already mentioned, "...when a new period of data becomes
available all of the previous period parities must be recomputed" (IFD, p. 22).

4.1. Complexity of the GEKS-formulas

We begin with demonstrating how difficult GEKS indices are to implement in that they re-
quire combining quite a few direct Fisher price indices. It may be useful to present an example
in which all price and quantity vectors are listed that enter a GEKS formula. For example with
m = 6 the GEKS index to measure a price level Py is given by

(7) P()Gzl(zrlflszs) = 6\/(P on )2 PoF P 1F2P (f}P;zP()F4szP()FSP5F2

It is built with 2m — 3 = 12 - 3 = 9 direct Fisher price indices as building blocs which in turn
are made of 18 indices so that eq. 6 can be written with all 18 ratios of sums of products as
follows

() PO, - 6\/p:zqo P-4, \/ Py Pidi P24, P2G; Pso Psds Pods Pod;
" \Poo Po; V Py Podi PGs PG Podo Pods Psds Psd;

= 6\/(P()Fz )Z P(flR]:z---P(fsPSFz

by contrast to P, =

P4y P92, pF _ \/plqo Pid; P24 P20
[ [ 02 = ' ' [ [ .
quO quZ quO qul plql pqu

In the case of m = 15 we have 2m — 3 = 27 direct Fisher indices and no less than 54 ratios of
sums of products. The formula 2m — 3 suggests that the transition from m to m + 1 only re-
quires two additional indices because 2 = [2(m+1) — 3] — (2m — 3). With m = 7 instead of m =

6 we only have the two new factors P, and P, in

(7b) POEZI?rSn:7) = 7\/(1)0Fz)2 P(f 1P1F2P0F3P3F2P0F4P4FzPoFsPstpoFépéFz

EK! EK!
compared to (7). However, when we move from Ppy>¢ to Pl there are some (more pre-

cisely m = 6) more "new" indices in the root P, ¢ = 6\/(P0F3)2POFIP1F3POFzPZF3P0F4P4F3POF5PSF3 , viz. P},
F F F F F
P. P, Py, Py, and Py

More interesting is of course to get an idea of the extra information needed for a GEKS index
compared to the direct and the chained Fisher index (P,, and P, respectively). Tab. 1 shows
that the number of additional indices required by P depends of course on m, and we need
two more indices when m increases by one. By contrast in all cases we have the same index

P}, (direct) and Pj;=P; P}, (chain index), and these are indices which are among other indices

also included in the formula of Py, ;5.
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Table 1

Poz(m) as GEKS index

additional indices compared to

direct Fisher chain Fisher

@® @

3) (C))

m= 3 periods . 2
P02]§3S) =13 (P()Fz) P(;:IPIFZ

. F F . F
two: Py, P, one: P,

0,1,2

m:4per10dS EKS ‘{/ F 2 FRFnFEFRF f . PF PF PF PF h . PF PF F

0,1,2,3 Pooay = (Poz) Py P5PosPs, our: Loy, Fp, Fozn I3 three: Py,, Py;, Ps,

m = 5 periods >

01234 |Pag —3/(pr, ] PEPLPEPEPEPY, | PiPh. PP PELPY, | PL. PP PE P

The relationship between Pogm+1y and Poxm) s quite straightforward: given that t is the addi-
tional (m+1)™ period we simply have to multiply by PoPy in the (m+1)" root.

4.2. From Py to Py ¢4

As mentioned already to proceed for example from the index Py, calculated with m = 3 peri-
ods (0, 1, 2) to Py3, with m = 4 periods (0, 1, 2, 3) a number of additional indices must be
compiled (it is assumed that m grows accordingly by 1 with every new period t+1). Again it is
quite obvious that as m increases the GEKS index will become ever more complicated. This is
demonstrated in table 2, where the general principle of growing complexity can easily be seen.

Table 2
GEKS index (m continually increasing) direct Fisher | chained Fisher
@ @ €)] “@
1 POCiEKS = 21 ’ (P(;: 1)2 = P(f 1 P(fl ﬁOFl = P(fl
/ [~ P}, =
2 P()C;](Eisza) =3 (P()Fz)zp(flPle = P()Fz3 P0F1P1F2/P0F2 = Pon3 P_on P(fz Pon = PoFlple
02

3 PGEKS

/PFPF PEPE —
03(m=4) = ‘{/(POF3)ZPOFIP1F3P($2P2F3 = P§34 %% POF3 POFS = P(flPlFZP2F3
02 02

o |, ot Pl P B B, | B pRee
04 04 04
Table 2 ctd.
t-1 >t for P as compared to P, for PSS as compared to P,
1 -2 two, viz. P, P, one only, viz. P,,,
23 four, P, P, Py,, three: Py;, Py,, P
34 six, Py, Ply, Poy, Py, Py, Py five: Py, Py, Py, Py, Py,
general t-1 of the sort Py, Py,, ..., Py, one of the type P,, plus t-2 of the sort
FI=E 1 of the sort PF, PE, ..., PP, Pl Pl ..., Pf, |, and t-2 of the sort
altogether 2t -2 Pt Py, ..., P, ;insum: 2t-3

Columns 2 and 4 of tab. 2 show that "updating" of a GEKS index (using a recursive formula)
is considerably more complicated than the same updating procedure in the case of a chain in-

dex. Tab. 3 again makes this quite clear.
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The second part of tab. 2 shows how many additional direct Fisher indices are needed to up-
date a (standard) GEKS index (where m increases when a new period is added to the time
series).28

Table 3 (Updating of indices)

standard GEKS chain index
PEPE =
P = J (P55 ) (L] -G B, - PAP)
0102

GEKS __
Po4(5)

EKS
- 5\/(1)03(4)

AR
PosPisPss

pDF DFpPF
P04 = P03P34

EKS _ EKS
Pos(a) = 6\/(1304(5)

05

F pFpF pF
P04P 1 4P24P 34

'(PF )2 ) PP ;PP

pDF DFpPF
POS = P04P45

Hence the extra-requirements (in terms of additional index compilations) are considerable
when we proceed from Pg;3, to Po4, etc. with GEKS indices (as opposed to chain indices).

4.3. Revision of formerly compiled indices Py (k < t-1) with a new (t™) period

We now come to what we called the second task "...when a new period of data becomes
available all of the previous period parities must be recomputed" (IFD, p. 22) which is not
necessary with direct and chained Fisher indices and gave rise to suggesting the "rolling"
method. Assume we had a series of Pﬁf;s indices with m = 5 and t < 4. With t = 5 we now

GEKS
P05(6)

EKS
Poigys -+

GEKS
P

EKS
015y > ++» P

can provide the index which entails, however, that all indices va(s) » Should

P EKS

be re-worked to get vace) - 1ab. 4 (overleaf) shows that the relationship between

these indices is quite simple, and only requires two more indices.?’

Table 4 also shows that we have two equally valid series which will as a rule not coincide. In

order to have P> = Pyys) the following relation must hold

GEKS\6
(Po 1(6) )

FpF
(7) PysPs1 = W .

It is most unlikely that such a relation holds true. In what follows we try to show this by look-

ing at some implications of (7). Assume P35’ = Py’ = X then eq. 7 amounts to

X6
(7a) PP = vl X =P -

And this in turn means that P,.P}, = Pﬁgﬁs = 5\/ (POF 1)ZP()FszF PP PP, .

GEKS
P

0as) 1S tantamount to

fand : GEKS _
In a similar vein P> =

(7o) PLPE =P —3/(pL f PEPLPEPLPPY,

28 By contrast in the RGEKS method where m is fixed there is no need for this sort of updating.
29 1t again shows that the number of indices in the root follows the rue 2m — 3 (that is 7 in the case of m = 5) and
with m+1 instead of m we have two more factors in the (m+1)th root.
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Taking both equations, 7a and 7b together, we have

(8)  PL/Ph=RES /R =/(PL ] PLPLRIPLRLPY, . and correspondingly

(8a)  PL/PL, = PEES /passs _3(pr, Y PEprPIPEPEPY, etc.

The 5" roots in these equations resemble a bit terms we later - that is in the RGEKS context -
will call "links" L;,, L5 etc.

Table 4 (Re-computing of indices P()Gt(Egs (t<4)whent=>5)

t m=35 m==6
1
RS =3(pr

P’ ¥ pr ¥
2
PSS _ /(P f PEPEPEPEPEPY, | PEES = (P ] P PE PP PE P PP,
* ¥ r ¥

PonszlP()FspsF 1P0F4Pfl Pl = éi/( 01

01(6)

FpFpFpFpF pFpFpF
POZPZ 1P03P3 1P04P4 IPOSPS 1

S| pas = (s RIPEPEPERLPE | P = /(P R PEPLPLPLPLPEPE,

4
s =3 (P RRIPEPEREPE | e ={(PL, ] RIRIPLPLPLPLPLPY,

While the re-computing does not appear to be very difficult,30 the conceptually greater prob-
lem seems to lie in the fact that the GEKS method creates (depending on the choice of m) a
multitude of index series which will, as a rule not coincide, but yet should be viewed as equal-
ly valid representations of the same price movement.

For each pair jk of periods (e.g. for j = 0 and k = 2) a number of different GEKS indices ex-
ists. The general principle can easily be seen in tab. 5. The recursive formula is

EKS  _ m+ F F pF
(9) ij(m+1)_ \I/(ij(m))mpjmpmk 3l

Table 5
) alternatively
m P02(m) as GEKS index 3 :
direct chain
@) (2) (3) )
[ F Voror PP’ P,
GEKS F FpF _ pF _ pF F oF
3 P02(3) =3 (Poz(z))ZPmPlz = Py3 (;Flz = Py3 P_on P Py
02 02
P P" PP —
GEKS F FpF F F F
A P02(4) =3 (P02(3))3P03P32 = Pj,4 i)lplz (;}:32 Py, Py
02 02
P'P" PLP. P P. =
GEKS __ F FpF _ pF F F
3 Poz(s) =3 (P02(4))4P04P42 - Pozs\/ (;Flz (;Fn OSFM Poz Poz
02 02 02

30 Note that the GEKS-index ought to be set against two index series, that is direct and chain indices which are
not affected from a prolongation of the time series (m increasing) and where thus no re-computing is needed.

31 Thus the relationship between Pim+1) and Py is quite straightforward: given that m is the additional (m+1)"
period we simply have to multiply by Pj,Py in the (m+1 )™ root.
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4.4. Are series of GEKS indices less volatile than direct or chain indices?

It is not infrequently being conjectured that the time series of GEKS indices will show a
smoother course because of their "drift attenuation capacity" (Ribe 2012). To my knowledge
no systematic attempt is made to examine the dispersion (as measure of volatility) of the re-

spective indices, that is P;;"® by contrast to P, and E)Ft. We can only present here some very
elementary reflections in this direction. The reduction of the drift (in the sense of EFI drifting

away from P;, ?) is seems to be inferred from the fact that GEKS indices make use of geomet-

ric means. However, when for example the indices Py =‘{/(P()Fl)ZP()FzPZFlP()F3P3F1 , P(g'(if)s and

Py, are compared to Py, Py, Py, it should be borne in mind that the GEKS indices are not

simply geometric means of the terms Pj,, P, , and P,, but

P(ﬁff)s = 4\/ (P(fl)ZPonPoi 3 PzF 1P3F1 > P(?sz)s = 4\/ (P(TZ)ZPOF 1P0F3 '4\/ P1FzP3F2 > POC;}(EE)S = 4\/ (P(fs)ZPOF 1P(fz '4\/ P1F3P2F3 .

F

Obviously the product of these three terms is equal to Pj,Py,P,, so that the series Py™®

and

P;, have the same geometric mean. The product of the terms

(BT = (B, F - 25 3/R0R, -3/B P, and (BT and (B analogously

amounts to (P 0F 1POF2POF3)Z : P1F0P2FOP3FO : \/ PonP ()F3P0F 1P(>F3PoF 1P§2 : \/ P zF P 3F1P1F2P3F2PlF3PzF 1= (POF 1P0F2P0F3)Z

because the fourth factor as well as the product of the second and third factor clearly yields

unity. So not only the terms P;;"° and P;,, but also the squared terms, (PSEKS)z and (POFt)2

PGEKS
0t

respectively have the same geometric mean. Hence it is far from clear that indices are

less volatile than Pj, indices.

We now examine chain indices. Their product is P,P,P; = (P(fl)zPli-(PoFngP;)
A-(POFlPIFZP;), which differs from the product of the Py and P;, terms by the first factor

(A). In the same manner the product of squared terms P,,.P),. P}, is given by

((POF 1 )Z P1F2P2FOP2F 3P3F0)Z : (POF 1P1FzP2F3 )2 =B- (P(;F 1P1F2P2F3 )Z >

and differs from the respective term of the other two series by the factor B. This again does
not clearly indicate that the variance of the chain index exceeds the variance of the GEKS
indices.

With m = 3 the situation is a bit simpler because with two indices only the variance is given

PLP! PePL |
byL(P),—P,,), and this amounts to 1 POF13\/M —POZS\/% in the case of the GEKS

4 F
01 12

indices and to (% POFI(I —~ Pl};))2 in the case of the chain indices P), = P;, and P),= P, P,.

To sum up: it appears not so easy to arrive at some general conclusions concerning the relative
volatility of GEKS indices as compared to direct or chained Fisher indices. This does not in-
validate the assumption that it might be quite likely that "normally" (with "normal" data) a
"drift attenuation capacity" in fact exists.
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5. The "rolling" approach in combination with the GEKS index formulas

The method discussed so far is called "standard GEKS" by IFD. The problem with this
method is that with new data previous price indices have to be recomputed. To avoid such
revisions IFD recommend a "rolling" (R) or "rolling window" (RW) approach with a fixed
predetermined window of length m. Besides the choice of m, the number of periods in the
moving "window" of the GEKS-formula,3? this RGEKS method raises two new questions:

1. how can the sequence of rolling estimates be combined to a seamless chain, and

2. can RWGEKS indices still maintain the advantage of transitivity intended by GEKS in-
dices and are they (in which sense?) "drift-free"?

We start with the first point, that is the method of chain-linking proposed by IFD and we will
then discuss the properties of this linking design called RGEKS.33

5.1. Chain-linking of successive RWGEKS indices

We demonstrate the linking method and its rationale with the simple situation of a small m
with only m =4 (we do so because with greater values for m as for example m =13 orm = 15
things will become much more complicated). The first window then covers the periods 0, 1, 2,
and 3. The formulas for the first four index numbers are given in tab. 6.

How to compute PS™ 2 IFD proposed to use the link

~poxs 4/(prJ PLPEPRPY,
34 7 GEKS
P 4J(ps ) paprprp,

and multiply Py by this link, to get

(10) L

= ‘{/(P3F4)2 P1F4P2F4P3F1P3F2 )

(10a) ls(gtEKs =P Ly, = A{/(P 0P 3F4)ZP 0PoPrPs -

As tab. 6 shows an alternative to L34 defined by (10) the change in the prices from 3 to 4 could
also be measured as

pas _ 4/(pL,J PEPLPLPY,
GEKS

23 ‘{/(P; 3 )z P},P, PP,

The problem with this kind of link, however is that in period 4 when an update of P *® to

(10b) L, = = 4/(PE,F PEPEPEPE, .

f’04 has to be made we cannot yet dispose of the required indices P;; and Pl,. Hence there

does not exist a viable alternative to the specific sequence of windows displayed in tab. 6 with
overlaps of m-1 periods. 3 Analogously to (10) we get

32 IFD recommend 13 months as a "natural choice ... as it allows strongly seasonal commodities to be compared"
(IFD, 22).

33 One might also think of alternatives concerning the sequence of windows, that is to start (continually) a new
period not just one period after the previous window but m-1 periods after. But such ideas did not prove useful.
34 Hence there is with m = 4 windows no alternative of the sequence (0 — 3), (1 — 4), etc. of windows. For exam-
ple the sequence (0 —3), (2 -15), etc. or (0 — 3), (3 — 6) etc. would not make sense for the practical index compu-
tation.
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GEKS
P2 5

(1) L,= = A{/(Pfs)zszsPstszPL and

GEKS
P24

(I1a) f)(gEKs = ISS;EKSLM = PoGsEKSL34L45 .

Table 6: Original (not linked) and linked* rolling GEKS indices (m = 4)

first window (0 — 3) second window (1 —4) third window (2 — 5)
GEKS
Py, =1
POCIEKS = ‘{/(POF 1)ZP0FzP2F 1P0F3P3F1 Pl?EKS =1
PoGzEKS = ‘{/(Pon)Z PoF 1P12P01:3P3F2 PSEKS = ‘{/(Ple)z P1F3P3F 2P1F4P4Fz PZC;EKS =1
P ={/(BL.f PipiREPE P ={/(PL PEPLPEPE, | PSR = (pL ) PLPEPEP,
P, = B - (PSEKS / PSEKS) P = ‘{/(P1Z)ZP1}:2P2F4P1F3P3F4 P = ‘{/(P2F4)2P2FsP3F PoPs,
f,()quKs = pOFss. (PzGSEKS /PZCj‘EKS) POFKS _ Ai/ (PZFS)ZP2F3P3F5P2F4PIS

* green fields

co. . NGEKS __ HGEKS __ pGEKS
In a similar vein we define Lss and Py, =Py L, =Py L;,L,Ls, etc.

- L : P, P
Characteristic for chain indices is that they are independent of the base, so that =% = P; =P,
02 01

holds by construction. This, however, does not hold true for the GEKS indices (m > 2). It can
easily be verified that we have with m =4 two options for Lsa, either (10) or

. PpGEKS pGEKS
(12) L34 = P2G4EKS = A{/(P3F4)ZP2F4P 3F2P3F5P5F4 * L34 = PléEKs = A{/(P3F4)ZP1F4P2F4P3F1P3F2 .
23 13

We have an inequality because the terms Lss4 and L*34 refer to different windows. With a

GEKS GEKS
P
_ 24(m=5) _ T14(m=5) .
standard GEKS approach and m = 5 we have of course —-—=—--—- which amounts to
23(m=5) 33(m=5)

5\/ (P3F 4)ZP;OPOF P PEPEP), . Also because of the existing overlap we have three different ways to

. . . . . PO
express the change in prices from period 2 to period 3, viz. —2_—= ‘{/(P; PP P}P), , and

POGzEKS -
PGEKS
the two indices ~2 =4/(P, PPEPIPLPE | and PO = 4/(PL. ] PX,PLPEPY, which, however,

12
are available only in retrospect when t = 4 and t = 5 respectively.

In order to better make clear the difference between these ratios of indices (and the rule behind
the formulas) it may be useful to write the formulas in fashion which looks a bit more compli-

cated than necessary, and without making use of P}, =P}, =1 and the time reversibility:
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GEKS FpFpFpF GEKS FpFpFpF GEKS FpFpFpF

P03 _ 1)031)1 3P23P33 P13 _ Pl 3P23P3 3P43 GEKS __ P23 _ P23P3 3P43P53
=4 =4 and P = =4 (here of

PGEKS PF PFPF PF ’ PGEKS PFPF PF PF ? 23 PGEKS PF PF PF PF

02 02712722732 12 12722732742 22 22732742752

course P2 =1). The equivalent terms in the case of chain indices (m = 2) are

Pl Py PIPSPL POPL Pf . . .
D) =08 o002 23 - C12.23 - _13 = PR hence obviously all three ratios are equal which
P P P, P, P, P
02(m=2) 02 o112 12 12

evidently is not true in the case of RGEKS indices.

It can easily be seen in tab. 7 that the "normal" chain index is simply the limiting case of a
rolling GEKS index with m = 2, where also the GEKS-index and the corresponding direct
Fisher index coincide.

Table 7: Original (not linked) and linked rolling GEKS indices (m = 2)

window no. 1 (periods 0 and 1) no.2(1-2) |no.3(2-3) |no.4(3-4)
GEKS __

P00(m:2) =1

P =y(e) =B 1

N P _

POCEEKS = PoFl ;13 = PoFlle = PoFlple = Pon PSEKS = P1F2 1
11

a . PE _ _

PO%EKS = Pon % = P()szzF 37 PoFs P2G3EKS = PzF 3 1
22

f)o(:]tEKs = l_)0F3P 3F4 = FoF4 P3F4

The following tab. 8 once more shows that the GEKS, and RGEKS method offers a variety of

indices. It lists the various index series we get with the GEKS, RGEKS and chain index meth-
od.

Table 8: Alternative time series created with (R)GEKS method
(Note, we also have the series P}, and P} )"

standard GEKS (m = 6)

rolling (m=3) rolling (m= 4) available only in retrospect at t =5

@D (@) 3
Po; 3\) (P(f 1 )Z Ponsz 1 4{/(1)01: 1 )Z P()szzF 1P0F3P3F1 6\/(PoF 1 )Z Ponsz 1P0F3P3F1P0F4Pf 1P0F5P5F 1
P |3 (Pon )Z P(f 1P1Fz ‘{/(P()Fz )Z POF 1P1F2P0F3P3F2 (i/(Pon )2 PoF 1P1F2P0F3P3F2P(f4P52P§5P5F 2

T
T
—
=2

i (P ) PSR, (99 A I o e

w
o
g

=*

(P(}: 2P3F4 )2 P§1P1F3P2F3P2F 4 4\/(POF 3P3F4 )z P(}: lP(f 2P1€1P2F 4 6\/(1)54 )2 P(f 1P13P01:2P2F4P§3P3F4P§5P5F4

Pos 3\/(P0F 2Pf 5 )Z POF 11)1F3P2F 31)2F4PsF 5 A{/(POF 3Pf 5 )Z PoF 1P0F 2P1F4P2F 5P3F 4P3F5 6\/(POF 5 POF 1P1F5P0F 2P2F 5P0F3P3F5P0F4P4F 5

Pos 3\/(P (fzpst)Z POF 1P12P2F3P ;4P3F4P3F5P41FSP fé éi/(PoiP 5F6 )Z P 0F 1P1121P0FzP2F 5P3F4PISP3F6PI6

* green colour indicates that this index is estimated using links L3, L34, Lys
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And tab. 9 shows that while the formulas for the (linked) indices become longer and longer,
the formulas for the links are simple and follow a straightforward principle.

Table 9: Links in RWGEKS indices (m = 2 is the chain index)

m=2 m=3 m=4
1->2| P}
[ P, P/,
23 PzF} A (P2F3)2P2FlP1F3 = P2F33 ;Fls
23
pF 3/(PF )ZPFPF — pF PP, A{/(PF )2PFPFPF pf = prf PP, PP,
34 34 34) F3okh4 = 343 pF 34) Faibialsolhy = Fhut pF pF
34 34 34
FpF FpF pF pF
R I A T R i (G
45 34 34
FpF FpF pF pF
556 Py, v (P;6)2P5F4Pfs = P53 P5P41:46 V(Pst )2 PP PP = Pl 5 IIF)M P3I§EZ4
56 34 34
FpF FpF pF pF
67 o | nfRien = e P {(pnfRUPEPLRY = Pl R e
23 34 34

5.2. Properties of RGEKS indices
a) No longer transitivity of standard GEKS indices

There are good reasons to raise doubts against RGEKS indices. Unlike standard GEKS indices
(with the correct m) they are not transitive, fail the test of multi-period proportionality and
provide various values for an index Py comparing of the same periods s and t.

These indices are no longer able to satisfy the transitivity axiom for the simple reason that a

series with indices P(ﬁfj;;) differs from the series of standard GEKS indices with a suitably

chosen m which is greater than in the rolling approach.
We show this in tab. 10 where the formulas of tab. 8 are re-written in a way which more easily
reveals the general principle of (R)GEKS indices although they might look a bit awkward at

first glance. As mentioned above these formulas can be viewed as ratios of price levels, and an
index function that possesses such a presentation is transitive.

The formulas for P~>,  etc. are given in tab. 8. It can easily be seen that

J PP,

T P

1 DGEKS P03 3 POF3P1F3P2F3 . s

(13) P03(m:3) = —— * — and quite similarly
A PooProP2o A PooPioP2o

4 P()F4P1]ZP2F4P 3F4[ F ]
ISGEKS \/ Py " A{/POF4P12P 2F4P 3F 4

(14) 04(m=4) — .
A PgoplF()P;opsFo A PoFoPﬁ)PzFoP;o
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However Pfys*, can nonetheless satisfy multi-period identity. Assume pi3 = pio and qi3 = qio
foralli=1, ..., n commodities. Then obviously P, =P, P/, =Py,P,, =1, and therefore also
VPEPIP; _ sarks _ [ PosPiPys PPy | _ PooPys |
“—————=1,but P2, =3[P == | = 1 because also | —=* |=1.
3Py PP, PooPioPy - Pos

03

Table 10: RWGEKS indices and standard GEKS indices
(Compare this table to tab. 8)

standard GEKS (m = 5)

rolling (m=3) rolling (m=4) available only at t = 4
@ (@) 3)
[DFpFpF [DFpEpFpF [DFPFpFpFpF
P PGEKS _ 3 P01P1 1P21 PGEKS _ A Po 1P1 1P21P31 PGEKS _ 3 P01P1 1P21P3 1P41
01 01(m=3) — 1 [oF pFOF 01(m=4) — 4+/DF DF BF BF 01(m=5) _5\/ FFoF oF oF
POOP 1 0P 20 POOP 1 OP 20P30 POOPI 0P2 0P3 0P40

3 [pF pFpF 4[pF pFDF pF 5 [pF pFpF pF pF
P POEKS  _ Po.PioPos POEKS PP Py, Py pOEKS  _ PoPoPy,Ps,Py,
e 02(m=3) ~ W 02(m=4) ~ W 02(m=5) — 5\/PF PFPF PFpF
PooProPsg PooPioP20Ps, 00t10 205301 40
4[pF pFpF pF 5s[pFpFpF pFpF
P POEKS POEKS  _ PosPisPys Py POEKS  _ PosPsPosPssPsy
03 03(m=3) 03(m=4) — e 03(m=5) T T F OF pF
A PooPioPsoPs, \/PooPszoP 3040
5 [pF pFpF pF pF
PGOEKS POEKS pOEKS  _ PosPl Py, Py Py,

Po4 04(m=3) 04(m=4) 04(m=5) —

5\/P (:: 0 PIP;J P2F0P3FO Pf 0

The formulas for Py,>y and Pyii°, are more complicated and they will become ever more

and more complicated when t (and thus m) increases:

P PP,
3\/P§4RZP2F4[(P3F4)Z (gFII;FZS) 3\/PF PFPF
(14a) Pocztii;) = Y =Py Py P PP,  ete.

{/PLP P, PP,

We may again examine a case of identity and can see that with Eﬂ?ﬁia identity may well be

violated. Assume analogously now pis = pio and qis = qio. This obviously implies

. P;,PP,.
3\/ POF4(POFIPIZXP§2P2F4) =N\1-1-1=1 but there is no reason to expect that also (P3F4)2 21323

0aPis
and thus Pj %, = 1.

More generally, tab. 10 and eqs. 14 and 14a show that RGEKS indices may violate multi-
period- proportionality. Assume that all prices in 4 are A-fold prices of period 0 such that pis =
pio for all i, and identical quantities qi4 = qjo we then have because Py, P/, =

14%) PCUEKS —,|pF prpFpr prF prpF PPy | _ A PosPs, =2 (as PLPE, =), h
(14%) 04(m=4) — 3| Foalo 11402154 03k 34 pr =1 T =\ (as Py;Py, =1), however,

04
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FpFpF
F P02P13P23

(14a*) f’oﬁ?ﬁn = 3\/P0F4P()FlP1F4PonP2F4((P34 PEPpF j - 3\/7"(P3F4)ZP(fl1:,1}:3130F2P2F3 , which equals 2 only
04114

if (P;)ZPOFlPlI;POFsz3 =)’. On the other hand the standard GEKS formula with m = 5 passes the

test because PSS, =3/(Pr,J PXPEPEPEPEPY, =3020° =2

Moreover the obvious rule behind column 3 in tab. 10 suggests that

5 PF PF PF PF PF
PO = VU2 0TS which is in fact equal to (T, V PEPE.PTPEPEPY, .
5\/PO ZPI 2P2 2P3 2P42

I‘)GEKS_ 3 PFPF 3 PFPFPF
However —om=) =Lyymesy = 31/(P2F3)2P2FIP1F3 :\/ D23 \/ 132 Analogously while

GEKS FpF FpFpF
P02(1“23) 3\/P12P32 3\/P02P12Pzz
5 PF PFPF PF PF ﬁGEKS
GEKS V1047144247347 44 04(m=3) _ F FpF . .
Piyimes) = Tarororaror © have ~———= =Ly, = 3\/(P34)2P32P24 . It goes without saying
\/P03P13P23P33P43 I)03(rn:3)
3 PF PFPF 4/PF PFPF PF ISGEKS_
that this is different from °F4 1: 2F4 and 0: 1: 2: 3: which in turn differs from 03;?;4) .
3\/P03P13P23 A{/P03P13P23P33 P03(m:4)
ISGEKS 4/PF PFPF PF
Note that —e=> and % cannot be written in a GEKS formula form. However
Posimes) AV Py;P5P3Pss
PGEK§ 4 PFPFPFPF
St js equal to V=223 33 and this in turn is equal to ‘{/(PF )ZPF P PIP = Po*® a
GEKS [E— 23) Y200 03 21113 23(m=4)
Poam=s) vV Po,P,Py, P,

standard GEKS formula.

b) RGEKS indices not independent of the base period (unlike chain indices)

Chain indices are not transitive but they are in a way quite convenient in that they are inde-

. P, P, - :
pendent of the base in the sense of =% =% =P}, = P)P;,. This, however, does not apply to
02 12

RGEKS indices when a "linked" index f{ﬁfﬁf is implied and compared to 130(]}3';5) where k < t-2.

We demonstrate this with m = 3 and the first three windows (tab. 11):

Table 11

first window | second win- | third win-
(periods 0 —2) | dow (1 —3) |[dow (2—4)

P OC(})EKS -1
P OGIEKS 1
P OC;EKS PICZ}EKS 1
13 (gEKs P](3}EKS P 2G3EKS

GEKS D GEKS GEKS
P P14 P24
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N GEKS
In the ratio Ry =—ge=> =L, . . L., . (first window) we have a product of the two links
02(m=3)
GEKS GEKS GEKS
P13(m=3) P24(m=3) . 1314(m=3) 3\/ F FpF pF pF
L=—x and Ly, =55 - Theratio Ry = ———— =R = (P34)2P13P21P23P24 , because
12(m=3) 23(m=3) 12(m=3)
Pﬁfﬁi” = PSm Las yields the same result R, = Ry. In each ratio, at least one link is in-

volved. This is so because with m = 3 we have no window covering all 5 periods, 0 through 4.

o PP,

On the other hand we have from the third window Py, >, = 3w/(PZFlt)ZP;P; =R, -3 P1F2P2F4 .In
13734

addition to this ambiguity of ratios due to different window (all with the same m) involved,

we have of course also ratios on the basis of different parameters m. So R, = P> / PO,

: : : : GEKS GEKS _ pGEKS __ 4 F FpFpF pF
will as a rule not coincide with Pj;~, / Pinesy = Poaimeay = \/ (P2 4)2P21P1 PP

D GEKS
06(m=3)

»GEKS
03(m=3)

Another example where now three links are involved is =L,,L,.L,, or alternatively

P3Py, PPy PPy (the
R D

Pf;lﬁ;)L%. The product LisLssLse (see tab. 9) amounts to P3F4P55P5F63\/

first factor PLPLPE= PL). On the other hand PEXS, L = 3/(PLYPrpY, -3/(PE PEPE, =

%/(P3F5P5F6)2P3_F4Pf6 =3/Pj,PL® is clearly different from the product of the three links or from a

standard GEKS index where m must be > 4 in order to encompass an interval from 3 to 6, for
example Py, = ‘{/(P;)ZP3F4P4F6P3FSP5F6 = ‘{/(P3F6)Z(D . As indicated by the factor @ there is some

resemblance to the approach with the computing of PgiﬁiDLs().

To sum up: The RGEKS approach has the advantage over the standard GEKS approach in that
there is no longer "the need to revise parities for previous periods" (IFD). However a series of

RWGEKS indices P ., Pyt Pom s Poamyt. - Poar is necessarily different from the cor-

0,m+1,°*
responding standard GEKS index series Pﬁf‘ﬁf,...,Pfffiw,Pgi’ff,l),...P(ffﬁsl(M) when M > m. The
standard GEKS indices are the only indices which are transitive for an interval from 0 to m-1

(or for m countries). So the RGEKS index cannot be transitive simply because they are differ-
ent from standard GEKS indices. RGEKS index share with the usual chain indices

o the advantage (over standard GEKS indices) that no revision of previously computed
indices are necessary, and

¢ the disadvantage of intransitivity in the sense that not all ways to compare s and t in Pg
indirectly are consistent,33

35 However, as mentioned above, when periods in time are involved the set of meaningful comparisons may
reasonably (in view of practical purposes of index computations) be reduced to comparisons over adjacent sub-
intervals, for example Py to Py when 0 < s <t. And in this limited sense all comparisons made with chain indices
are consistent. It is clear that Py, = Py/Pos = P, /P, etc.
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e however, while chain indices are "base independent" in that for example (by construc-

. P, P, = . : : o : :
tion) =2 =_4 =P/, equivalent ratios using RGEKS indices (in particular when in
02 12

numerator and or denominator links are involved) are not necessarily equal.

Furthermore with chain indices (equivalent to RGEKS when m = 2) there is always one and
only one index Py;1; comparing two adjacent periods.

¢) Further ambiguities with the rolling method

As mentioned above there is no unique GEKS-index for any two periods compared, say j and
k. This also applies to RGEKS indices even with a given m. Tab. 12 shows that the rolling
method provides two indices Pi,, Py3, ... when m = 3, three indices indices Pj3, P34, ... when
m = 4 etc., depending on which window of width m you take.

Table 12 (P for rolling with m-1 periods overlap; the recommended method)

m=3 m=4 m=25

index | window . window
index

(periods) (periods) index index

w

1(0-2) V (Ple)z PSPon

20-3 | eryeren
1o-3 | 4eryeipiere,

2(1-3) y(PEJPEPY
P 1 30 4 20-4) | 4(PLyPERIPLPE

3e-5 | 4(eryerpipiey

5\/ (P3F 4 P3F0P(f 4P3F1 P12P3F2 P2F 4

20-4) | 4(pLfPIPLPLPY,

J(PE Y PEPEPEPE PP,

3@-4 | y(prfrLp:
34) F3204 32-5)
P4 and and A{/(P3F4 P3F2P 2F4P3F5P5F4

5\/(1)3F4 )2 P3F2P2F 4P3F 5P5F4P3F 6P6F 2

43— (L) PP
a-9 | e 4G6-6 | y(eLyerLpLRL

5\/(P3F4 )2 P3FSP5F4P3F6P 6F 4P3F7P7F4

Hence ambiguities (alternative estimates for the same index) not only arise from the choice of
m. In the RGEKS method as opposed to the GEKS method, even a fixed and definite m can
yield up to m-1 different results for an index Pj due to the overlap of windows of the same
length m > 2. Interestingly there is no such ambiguity with a chain index. The scheme of tab.
12 also explains why we have only one unique index P, P23, ... when m = 2, that is in the
case of a chain index. In this sense (vanishing ambiguity) the chain index is clearly preferable
to a RGEKS index (with m > 3). There is also no room for ambiguities with the standard
GEKS index once there is a decision made about a

o fixed suitable m, say m =5, and
e the specific number in the sequence of 5-periods windows.

Assume, we took the first of these (m = 5) windows, covering periods O to 4, then P34 the

GEKS index is given by 5\/(P3F4)ZP3F0POF4P3F1Pf;szPzF4 (with the second window [periods 1 through

5] it would be of course 5\/ (P3F4)ZPflPff‘P3F2P2F4P3F5P5F4 .
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The standard direct Fisher index is of course simply P;,, clearly a definite and unique index as

opposed to the nine (R)GEKS indices listed in tab. 12. As a rule these nine indices will yield
different results for the same pair of periods, 3 and 4 in our example. Hence we may ask: Can
we think of reasonable alternative rolling method where this ambiguity no longer exists?

d) Are there alternative methods of linking?

The rolling method is working in such a way that we proceed with each new link only one step
forward. What also might appear quite meaningful at first glance only, however, is to link the
second window of a standard GEKS index with m = 4 (covering the periods 3, 4, 5, and 6) to

the first window (periods 0, 1, 2, and 3). Now we have an overlap of one period (rather than m

— 1 periods) This means to consider the product Pyy;°, Pygi>, as a sort of measure for the

price change between 0 and 6. This then might be continued using the factors Pﬁﬁi“),

P s etc. It is interesting to compare the product Pyys>, Py to Pogi, , and to Py as

well as to Py .

Table 13: Rolling with only one period overlap (ngr':?;) with w = number of the window)
m=3 m=4
window ind window Gl
(periods) ex (periods) eX
PGEKS* — 4 (PF )ZPF PFPFPF
GEKS* _ 01(4,1) 01) Toot21tosts;
PG =3 (POFI)ZPOszzFl GEKS* A{/ﬁ
10-2) GEKS* 3 [(r Y r oy 1(0-3) P12(4,1) = (P12)2P10P02P13P32
Poany = (Pu)zPloPoz GEKS* W
P23(4,1) = (P23)2P20P03P21P13
GEKS*
GEKS*_ 3 [ ¥ or or P34(4,2) = A{/(P3F4)ZP3F5P5F4P3F6P6F4
P23(3,2) o (st) PPy GEKS* F FpF pFpF
2(2-4) PGEKS* _ ( F)Z — 2(3-6) Pisan) = A{/(P34)2P35P54P36P64
343.2) — V\Psy) PPy PUEKS* _ Ai/(PF )ZPF PFpFpF
56(4,2) 34 350547367 64

The index Py; then would be the product Pgi3y Poay Paaas Praa, just analogously to the

usual chain index method, but the result %/(POFZPzF 4)2 P,, does not seem to make much sense. The

product of the first two factors (both referring to the same window) is %/(POF 1)ZPOFZPZF1 , which in

fact is the standard GEKS index P(gfrﬁ;). However, when multiplied by ng( 3; this gives the

rather meaningless expression 3\/(P(f2)ZFOF3P2F3P§4Pf3 . By the same token, with m = 4 the product of

indices of the same window, e.g. the three indices in the first window makes sense. It coin-
cides of course with Piye>, = 4/(Pf F PEPLPLPY, , the standard GEKS index. But once multi-

plied by Pﬁfﬁ:=‘{/ (PF )2P3F5P5F4P3F6P6F4 (and a fortiori with the next indices of the second window

34

as further factors) we get an obviously senseless result. Alternatively one might think of the
product P>, Pii®, by analogy to Py = (P, 1P1F2P2F3)(P3F4P4F5P5F6): PP} (a product of indices

which may serve here as a model).

The result P>, Proms) = 4/(PE P ) P PEPE PEPEPEPEPY, | however, is quite different from

Py, and both, Py and P>, = 7\/(P0F6)2POFIPIFGPOFZP2F6P0F3P3F6P()F4P‘::6POF5P5F6 which has 11 factors, and
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the product P>, Py, only 10 factors (and only six of them in common with Pig;°, , viz.

F pF pF F pF pF
Py, Pyy» Py, and Pyg, Py, Poo).

e) Do (R)GEKS indices satisfy identity?

When the assumption is made that in two periods, s and t not only the same prices but also the
same quantities exist, the standard GEKS index with m periods (comprising periods s and t)
cannot differ from unity. Take for example the periods 1 and 2 and m = 4 (covering the peri-
ods 0, 1, 2, and 3), then of course P, = 1, because no price changed (and thus P, = P,,), this

also applies to PSFIIEL) which is given by

( 1 5) 4\/ (Ple)z PlFoP(fzplep;z = 4\/ PlFoPoF 1P1F3P3F1 =1.

With RGEKS indices this is not necessarily true. For example when two links L are involved,

as in IA)(%;S:” = P(gfis:3)L23L3 , the result is 3\/(P0F2P3F4)2POFlPlFBP;PZF4 . Then equality pip = pis and qio =

qis for all commodities i and therefore Py, =1 is not sufficient to infer Pyyx., = 1. The formu-

la reduces to %/(Pfo)zpj Pr.PLPY which well can differ from unity. This will be demonstrated by

ways of a numerical example in the appendix. Despite identical prices and quantities in 0 and
f,GEKs

4 respectively a rolling approach with m = 3 resulted in Py,;7; = 0.913348 (see tab. A.14).
Another numerical example ("scenario"), this one we owe to M. Ribe (2012) — and also de-
picted in detail in the appendix — revealed another interesting point: eq. 15 rests on the as-
sumption that prices and quantities are identical in the two periods compared. Ribe introduced
different quantities as follows:

t pit P2t qit ot
1 30 100 100 10

2 30 100 20 10

Of course a reasonable index should yield unity as P, = 1. However P>, = 1.100482 indi-

cating a rise of prices by 10% although both prices remain unchanged. The reason is that we
can no longer assume PPy, =P P;, =1. Instead we have

PEP), = [Podi P9 gpd PiPL, = [P:4 P92 which both amount to 1.211, and 1211 is just the
P:d; Po4, P4, P:49,

result 1.10048 above. The equality P P;, =P\P}, is due to the fact, that also prices in 0 and 3
are the same. The fact that PiP, = 1.211 # 1 also entails that P57°, =3/1.211 = 1.0659 # 1.

Furthermore PS> = 1.0796, so standard GEKS index compilations indicate a rise by 6.6%,

10%, and 8% (for m = 3, 4 and 5) although prices did not rise at all between the two adjacent

periods. It is useful to keep two situations distinct,
1. no change in prices between two adjacent periods (this takes place twice in Ribe's ex-
ample, from 1 to 2 and also from 3 to 4, so that the direct index is rightly P/, =P}, =

1), and

2. the same prices (but not quantities) in two non-adjacent periods (therefore in Ribe's ex-
ample P, =P;,).
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In both situations (R)GEKS indices can yield counterintuitive results (yield # 1) as demon-
strated in tab. 14:

e a direct index can do so in the first but not the second situation (for example P/,= 1

does of course not imply that P}, = P;,), and

e a chain index will reflect the first situation correctly (P}, = P,,) but not the second one
(P}, # 1 despite P,,=1).

Table 14
o P * Pormes Py, P

I | 0518218 | 0529948 | 0486172 | 0.486172
2 | 0552371 | 0.583198 | 0.588784 | 0.486172
3| 1023471 | 0926184 1 0.708319
4 | 1.077153 1 1 0.708319

* rolling GEKS Pg; estimated with link L,; and Po4 with two links L,; and Ls,

The results concerning standard and rolling GEKS index compilations Py look strange for a
price index which ideally should reflect only price changes regarding the periods compared,
that is s and t respectively (principle of "pure" price comparison). The reason seems to be that
these indices are affected by changing prices, and also quantities in periods other than s and t.

The result P&iﬁi‘l) = 0.926184 between 0.583198 and 1 may be viewed as a product of

smoothing. It is, however, simply wrong because 1 is the only reasonable result for Py3;. More-

over it can hardly be seen as a "drift attenuation" relative to P,;. Another obviously nonsensi-

GEKS
P

cal result is Pgy>; > 1 (and at the same time P},>, <1),and Py;>5 > Piyils), in spite of

P;, = 1. We will come back to Ribe's example at the end of the appendix.

6. Empirical findings and conclusions

As mentioned above (in sec. 4.4) M. Ribe, and possibly others as well, spoke of the "drift at-
tenuation capacity" of the (R)GEKS approach.3¢ Ribe demonstrated this with his numerical
example above mentioned (and dealt with in the appendix) where one price was fluctuating

(over four periods). He seems to have concluded "attenuation" of "chain drift" by Py™° (rela-
tive to P, ) from the result P, < P(gf[l;L) <1 of his example.3” In our view, however, chain
indices and attenuation of their drift is not the issue when dealing with the GEKS method. The
problem here is rather a direct index, which like P;, is usually lacking transitivity. It was this
situation (with direct indices of Fisher), the GEKS method was made for.

36 The idea seems to be that one might expect a smoother and less volatile time series of such indices relative to
the direct Fisher indices or chain Fisher indices. We mentioned (in sec. 4.4) that to our knowledge no rigorous
and general proof of this contention exists for GEKS indices. Nor do we know of such considerations in the case
of RGEKS indices.

37 We could confirm Ribes result concerning the chain index (which was by 29% short of the drift free result 1),
but we were unable to see how arrived at - 2.6% for the GEKS index. The fact that 2.6% is less than 29%, or in
other words, the GEKS index comes closer to unity than the chain index is understood as evidence for drift at-
tenuation.
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Besides the frequently discussed "drift attenuation" which may be understood as smoothing of
the time series of chain indices (as a possible alternative to direct and chain indices) multi-
period proportionality (and thereby also identity) is perhaps the most interesting and most dis-
cussed issue. We gave some thought to this just in the preceding paragraph (sec. 5.2.¢) as well
as in the appendix. We saw that when prices in t =3 and t = 0 are identical, then for example

GEKS
P

osm—s) 1S MOt necessarily equal to P), =1 unless also quantities of 0 and 3 are identical, so
that P',PL =PEP =1.

Some further observations illustrated by the numerical example in the appendix are worth
being mentioned:

As with chain indices we also get different GEKS indices depending on how the interval
under consideration is partitioned into subintervals. With five points in time, 0, 1, 2, 3,
and 4 we have

P&?§i5) = 5\/(1)01:4)ZPOF1P1F4P0F2P2F4P0F3P3F4 , as opposed to P(i?isza) =4 (POF4)ZP0FZP2F4

with only two subintervals and three points in time, 0, 2, and 4.

In the RGEKS method with m = 4 the first window ends with P(giis: 4.wen - Lhe next val-

ue lsocfﬁi 4 1s given by multiplying with the link Ls4 = ngﬁ " / ngﬁi 4 - This procedure

is equivalent to P(gfﬁs:“’w:l) by Pﬁ’fﬁ 4.w=2) from the second window. Alternative methods

of linking (which will not coincide with this result) are, however, the products
P GEKS P GEKS P GEKS P GEKS

otmed.w=1) Dramed.wen a0d Ppi, o 1 Poaines oy - The example shows that the difference
can be quite substantial (or remember the example above ngi;fﬁf};i H* P&fﬁi” ).
Most importantly: in the appendix to this paper we will demonstrate by means of a small
numerical example that when prices show a cyclical movement of k periods but no
trend, RGEKS indices (m # Ak, A = 1,2,...) may well (just like chain indices) fluctuate
around a positively or negatively sloped trend (although the underlying price data don't
show a trend).3%

While chain indices are in way independent of the base period so that — by construction

PP P Pf : : : :
— we have ﬁ—oF‘ = F—lg = F—ZF‘ =..., this does not apply to the GEKS method (in particular its
0Os 1s 2s

rolling variant). In the standard GEKS method we not even have a unique estimate for
one of such ratios and get (depending on m) different measures for the rate of change of
the prices between two periods, for example from one period to the next

GEKS GEKS _ 5 F FpFpFpFpF pF GEKS GEKS _ 4 F FpFpFpF
P03(m:5)/P02(m:5)_ \/(P23)2P20P03P21P13P24P43 and P03(m:4)/P02(m:4) - \/(P23)2P20P03P21P13
will in general be different, and this will again differ from POG;ES:@ / POC;](:‘ES:D where one
RGEKS index is involved; and

: GEKS GEKS _ pGEKS GEKS GEKS _ GEKS : : 11t
While Py / Poames) = Poymesy and Poyiy / Poamesy = Prym-s are indices within a

(transitive) system of standard GEKS indices (with m = 5 and m = 4 respectively) this

38 The more general question seems to be: Do (R)GEKS indices properly reflect or distort a trend and/or a cycle
in the price data? Is, for example a cycle in RGEKS less pronounced (volatile) than in the series of chain indices
or direct indices, and how does the volatility (if there is any) of RGEKS indices depend on the choice of m?
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no longer applies to ratios with one or two PO terms indicating a rolling approach. In

this case we have a number of different estimates for the same price change, for example

D GEKS GEKS D GEKS DGEKS GEKS GEKS _ pGEKS
P04(m:4) / PO3(m:4) # P04(m:3)/ P03(m:3) # P04(m:5)/ P03(m:5) - P34(m:5)

just like ratios P), /Py, P/PY, Py,/PY and P}, of the (intransitive) direct Fisher indi-
ces will be different. Hence transitivity of the standard GEKS indices (for a given m) is
lost when we make use the rolling method.

e Chain indices can be shown to be just a special (limiting) case of RGEKS (the case m =
2). They provide a definite and unequivocal result for an index Py comparing t to s, or
for a ratio So as regards avoiding ambiguity Chain indices may be preferred over
(R)GEKS indices

e With GEKS indices it is possible that P°™> =1 although prices (but not quantities)

t,t+1(m)
remained constant so that every reasonable direct index will amount to P;;+; = 1 and also

chain indices correctly show 1_)0, = P,,. As we have various standard GEKS indices for

t+1

the same pair of periods, depending on m the existence of different quantities in the pe-
riods under considerations is more likely when is large. To indicate e.g. no change be-

tween 2 and 3 as in P,;, = 1 with GEKS indices some restrictions are to be observed. To
get ng§i4)= 1 the condition %/P; PP, P, =1 or preferably P, P/, =P; P}, or equiva-
lently Pj,/Pj,=Pj,/P;, should be met. Likewise to get Pjyns requires Py P;Py, =
P/ P, P}, and not just PJ,P,, = P;,P},. To see the system behind these formulas remember

that P, =P}, =1 and P}, =P}, =1, so PZG;S requires

PyoPy Py,PysPy,.. Py

2,m-1

= P3F0P§ 1P3F2P3F3P3F4~ Py

3,m-1

which poses a lot of restrictions prices and quantities of other periods when m is large.
Hence that GEKS indices (unlike direct indices P ) indicate a rise or fall of prices alt-
hough the respective prices remained constant in the periods under consideration is any-
thing but unlikely.3?

e A point worthy of further consideration is a possibly existing relationship between m

and the smoothness of a time series of GEKS indices P(ﬁfi)s , POGZES ,... .20 The frequently

met conjecture of a smoothing effect of the GEKS method appears to be inferred from

the fact that the RGEKS index is a geometric mean of indices, and taking a mean will as

a rule result in smoothing. However, P>, for example is not just a mean of Py, Py,,

and P;, or of the components of the chain index Py}, thatis P},, P, and P, but of P;,.
Py, Py, P and Py, and in P2, Py, etc. many more indices are included in the

geometric mean than just P, Py, and P;.

39 This can be seen in the numerical example of Ribe referred to in our appendix. In Ribe's example no less than
3 out of 4 GEKS indices which should yield unity (as the corresponding direct indices) fail to do so.
40 Our example (in the appendix) with a regular cycle in the prices did not support this suggestion.
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Appendix

The numerical example in this appendix is designed to demonstrate

that chain indices are path dependent, and that with chain indices the frequency of up-
dating (i.e. the number of sub-intervals of an interval in time) matters,*!

identity (and proportionality) is met by standard GEKS but not necessarily RGEKS in-
dices (depending on the choice of m, the number of periods involved),

how standard GEKS and (rolling) RGEKS indices provide a number of different
(though theoretically equally justified) indices Py and consequently also of changes
(growth rates) in the price level (Pos/Po;) depending on the choice of m,

when prices show a cyclical movement of k periods but no trend, RGEKS indices (m #
Ak, A =1,2,...) may well (just like chain indices) fluctuate around a positively or nega-
tively sloped trend, and

that the not infrequently expressed conjecture that (R)GEKS indices may be less volatile
(or a cycle will appear less pronounced with them) than direct or chain indices can well
be called in question.*2

In another numerical example (one of the two scenarios Martin Ribe 2012 presented) we will
see that a characteristic development (in this case a constancy of the price level) may not be
properly reflected by GEKS (and a fortiori possibly by RGEKS) indices.

1. Identity and path dependence (''chain drift")

1.1. Chain indices are path dependent

The following numerical example may serve as an illustration of the identity axiom and path
dependence (regarding chain indices) and it will later be used again for some other demonstra-

tions:

Tab. A.1

t=0 t=1 t=2 t=3 t=4

p q p q p q p q p q

10 4 12 3 20 1 16 2 10

5 20 3 15 4 10 4 12 5 20

The direct Laspeyres price index Py, (and also the direct Fisher price index Pj, is of course

P;, =P}, =1 because all prices (and also quantities) in 4 and 0 are equal (indicated by shad-

ows). The chain Laspeyres index, however, not only violates identity but also yields different
results depending on the frequency of chainlinking:

(@) Py =P'PyP/P; =0.7419 = 1,
given a partition of the interval into four subintervals (0, 1), ..., (3, 4), and
(b) 1_)05‘* =P,,P;, =11/12-9/10= 0.825,

41 We will see later, that this applies also to GEKS indices.

42 In particular there does not seem to be a straightforward relationship between m and the volatility of RGEKS
indices. A more general question might be: Do (R)GEKS indices properly reflect or distort a trend and/or a cycle
in price data?
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with only two sub-intervals (0, 2) and (2, 4) of the same interval.

Obviously both indices Py; #1 , and P,; # 1, though equally valid have a "chain drift" which
is different at that, depending on how the interval is subdivided (or in other words: on the

frequency of chaining). Hence chain indices are not able to provide a definite (unequivocal)
comparison of the prices in 0 and 4. Their result is "path dependent” (not consistent in tem-
poral aggregation) which is the very opposite of transitivity.

The corresponding results applying the Paasche and Fisher formula are P),= 0.7591,
P;, =0.7505, and with two subintervals only P;, =1/0.825=1.2121, P}, =1.

By contrast with a truly transitive index: for example the unweighted Jevons' indices we get

P),=P'P)P/P;} = \/ﬂé \/iﬂ \/li \/zé =1 with four sub-intervals, and
25 V4 3 V3 4 1 4
=1

o 34 2 . ,
P/, =P,P;, = %g . 5% with two intervals only

1.2. The standard GEKS-index (m = 5) satisfies identity

It may be useful to present all elements PUF used to calculate various indices like Pj,, and
GEKS indices in a table (see tab. A.2). As we are going to make some modifications of this
example concerning prices and quantities in period 4 the column four (indices Pi4) is set apart

from the other columns with a grey colour.

Tab. A.2: Fisher indices for the (initial) numerical example

0 1 2 3 4
0 Poo = 1 By, = % Py, = i—i Py, = % 1
U es P men | e 20 2 8
N e - R U ST R
3 Py, = % P, = % P, = 2.5 P, =1 %

It can easily be seen that the standard GEKS-method satisfies identity. Not only P, =1, but also

P()G“](Eiis) =1 so that P(S‘](SES:S) = 5\/ (POF“)ZPOF P PPL PPl = 1. The reason is that the components of the

formula are (POF4)Z =1>=1, P{Pf,= P.P),= P, ,P;, =1 due to time reversibility of the Fisher index

1 1 1
and identical prices in 0 and 4 so that POLk =— =—,and P(fk =—— forallk=1,2, 3.
k0 k4 k4

1.3. The RGEKS-index (rolling method) can violate identity

The first window of RGEKS (m = 4) ends with PSS, = 4/(pZ JPFPEPEPE = 0.674845

while the standard GEKS method delivers §/(P", | PI,P"PLPLPEPY, = 0.684083.
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In order to continue the procedure by estimating Pos = ls(ffﬁi 4 With the rolling method we may

multiply Pﬁfﬁi@ by L;, = A{/(P3F4)ZP3F1P1F4P3F2P2F4 or compute 13<JG41EKS = V(P§3P;4 )2 Py PLPe,P;, di-

rectly. The last formula is particularly useful in that it makes clear why also this RGEKS in-

dex satisfies identity (just like P&fﬁis)) . Given that prices and quantities in 4 are the same as

in 0 the formula amounts to lsﬁfﬁz) —4/1 =1. Evidently I:‘(S‘IEEL) in fact equals Pj}> =

F FpFpF pF pFpF F _ FpF _
5\/(1)04)2Po1P14P02P24P03P34 because Py, = Py,P;, =1.
However, with m = 3 we get two links, L3 and Ls4 and have to compute Py, L,;L,, with

Poims = 3 (POFz)2 PP, L,, =3 (P;)2 PP, and L34 = 3 (P3F4)2 P, P}, . The product of these

three factors as well as the computation directly using (14a) gives 3\/(P3F4 )2 P,,P;,Py PP P, or

equivalently §/P§2P2F4 (P,,PysP;)(Py P SPy,) . It is only the first product P,,PJ, that yields unity,
the other two factors are PJ,PLPL, =./506/648 , and P ,P/;Pl, =,/102671/138105 respective-
ly, so that we end up with IA’OGA‘?E;): 0.913348 = 1.

. 2
By the same token with pis = pip and qis = qio P(?;ES:@ = 6\/(POFS) POFIPIFSPOFZPZFSPOF3P3F5POF4Pf5 =1,

because P, P =1. However, for the rolling indices with m = 4 and m = 3 we get

A 2
P()GSI(E;L) = \/(P(fans)zPoFlP(szﬂP;sP:iPst = V(Pfs) P §1P12P0F3P3F4 = A{/(P0F1P1F4P4Fs XP§3P3F4P55)3 and

B, = Y(PEL f B PLPLPEPY, = {/PE(PEPE YPLPLPE NP PPL ) respectively, and there is

no reason why we should expect Pj3i>, = P = 1.

1.4. Variety of GEKS-indices (standard method with different values for m)

As the example covers the periods 0 to 4 (so that m = 5) it may be quite interesting to compare

the result ngiﬁis) with m = 5 periods for a period k < 4 to the corresponding standard GEKS

indices Pys . The results are given in tab. A.3:

Tab. A.3 (see also tab A.10)

m=3 m=4 m=>5

GEKS
Poam) 3\/ (POFZ)ZP(}: 1P1F2 = ‘{/(P(fz)ZPoF 1P1F2P(}:3P3F2 =B= 5\/(P()Fz)ZPOF 1P1F2P§3P3F2P0F4sz =C
A =0.955726 4/A’PEPE =0.999250 | = 3B*PEPL, = 1.001235

PGEKS _ 2 _
03(m) A{/(P§3)2P§1P1F3P§2P2Fs =D 5\/(POF3) POF 1P1F3P0FzP2F3P0F3P3F2 -

Sl A YD’PLPE, = E = 0.684083
Pom 1

In addition to Pyy,>, and Pgy; s we have two other estimates of the price change for the same

interval, viz. Pj, =,/12/23 =0.722315 and P, = 0.542077. So we have altogether four equal-
ly valid estimates for the same change in prices, and they are ranging between 0.54 up to 0.72.
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All indices are within the interval between the smallest price relative pi3/p1o = 2 and the larg-
est, pa3/p2o = 4/5 = 0.8. This applies in particular to P, as the geometric mean of P,, =

0.69565 and Py; = 0.75. Note that not only Py; but also both indices, D = Py _, as well as E

= Pyyms) are smaller than Py} .

To see how unlikely it is that all In a similar vein we have three estimates for P, viz A, B,
and C coincide (or even more than three if m > 5) note that B = A requires A =B=P,,P},, or

FpF FpF FpF
P, = /P°§P3F2 ,and for A=B=Calso P, = \/ POF“P“FZ = \/ P0F3P3F2 must hold.
PO 1P12 PO 1P12 PO 1P12

2. Two modifications of the example (standard method m =5, rolling m = 4 and m = 3)

2.1 Proportionality (modification 1)

In what follows we examine two modifications of the numerical example and compute again

EKS

Pos(m=s) OF simply Pﬁf?f = 5\/(P()F4)ZPOF1P1F4P(§:2P2F4P(§:3P3F4 .

Tab. A4
Modification 1 Modification 2
t=0 t=3 t=4 t=0 t=3 t=4
p q p q p q p q p q p q
2 10 1 16 4 10 2 10 1 16 3 15
5 20 4 12 10 20 5 20 4 12 4 25

Evidently the modifications of the example only concern period 4.

a) Proportionality with standard GEKS The first modification refers to proportionality.*? It is
assumed that pis = Apio (A =2 in our numerical example modification 1) and qis = gip holds for
each commodity 1 =1, ... , n and periods k = 1, 2, 3 in time. A reasonable index should yield

A =2 as all prices in t = 4 are exactly redoubled prices of t = 0. It turns out that not only Py,
but also all products PJ,P/,, P.P},, and P,,P),= ,/(12/ 23)(23/3) uniformly amount to 2, so

that PSS = 3J(B VPP RERLPEPLPY, = YA° = = A = 2, because PP, =2 and of course
PjiPij =1. Note that all indices P remain unchanged except P;,. However, for the chain in-

dex we now get Pj,= 1.500944 which is exactly twice the result we had before, viz. 0.750472

but still much less than the required value 2.44 And as to RGEKS we see what we found re-
garding identity also applies to the more general property of proportionality: RGEKS passes
the test only with m = 4, but it fails with m = 3.

b) Proportionality and RGEKS (m = 4) Interestingly with m = 4 (one link L34 only) RGEKS
and GEKS indices again coincide and yield A = 2. We see that not only the standard GEKS
method results in P(ﬁf‘gisf 2 as required by proportionality, but also the rolling GEKS in-

dex Pgiv>,,, which is not at all a matter of course. In P>, only one link Ls4 is involved, and

43 Proportionality with p;/pj = A = 2 for all i (note that identity is the special case A = 1).
44 This is not surprising as it is well known that chain indices will as a rule violate proportionality.
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it can easily be seen that proportionality (and therefore also identity) is preserved. Multiplying

GEKS . PGEKS
Posm4) bY Las gives Pyy.”,) as

2
A{/(P(fs)zpoplpgp(le); (1)3]:4)ZP3F 1P1€1P3F2P2F4 = A{/(POZP 3F4)2P (f 1P1F41)(}:2P2F4P1F3P3F 1P2}:3P3F2 =13 (7“) Ad-T-1=A

So in the case of proportionality all indices coincide Pﬁfﬁis) = ﬁgEKS: P,, = A, and again

E};i A unless calculated with two sub-intervals [0, 2] and [2, 4] only. But let's try now m # 4.

RGEKS (m = 3)

The rolling procedure with m = 3 requires two links, L,3 and L34 and results in ﬁﬁfﬁi) =

J(Pr, Y PEPEPE PP PE = 32(PF, ] PEPEPIPE, = 1.826696 < 2 (using PLPY, =2). As with

the chain index we fall short of 2 and have here the result of sec. 1.3 (where f’(ﬁi](n;):
0.913348) exactly redoubled.
Tab. A.5: Summary of results of modification 1 (proportionality A = 2)
direct chain* standard GEKS rolling GEKS
e s I ) T B
04 02724 04(m=3) — t-

* =rolling, m =2

2.2. The second modification: GEKS and RGEKS

a) Standard GEKS

In what follows we concentrate on the more interesting unrestricted modification 2 where
prices in 4 are not just proportional (or equal) to those in 0. Here we have Pj, = /319/372 =

0.926, P, =/928/837 =1.053, P,, = 1, and P;, = ,/87/46 . With these figures Py;;°; can be
computed. The result is 0.956570 as opposed to P, =0.926027 and Py, = 0.745490.

Table A.6

t standard m = 4 standard m = 5 PP, P, P}

1| PSS=0.95646 | PSS =0.94053 | 0.879453 | 0.88478 | 0.88478

2 | Py =0.99925 | P} =0.98416 | 0.926027 | 1.00922 | 0,857099

3 | Posy =0.67485 Poys, =0.67455 | 0.673354 | 0.722315 | 0.542077

4 Pris, = 0.95657 0.926027 | 0.745490

So again it turns out that the chain index yields a considerably smaller result than the direct or
the GEKS index. Tab. A.6 permits calculations similar to those made in sec. 4.3 of the main

text. We can for example study the conditions that should be fulfilled for P(ﬁff)s = POGIJ(E;S =X.

In this case X° = (P}, PLPYPEPIPEPY, and X* = (PF J'PLPLPEPY, so that X°/X* =X re-
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quires that PJ,P;, =P =P5 = X. However Pg,P;, = 0.879 differs quite a bit from both
Pﬁff)s and Pﬁfgs (see tab. A.6). In the same manner for P()szff)s = P()Gz'fgs =Y to hold Y should
be equal to Py,P,;,= 0.926. Likewise Py =Py =Z requires Py,P;; =Z (however, in tab.
A.6 P/,P;, =0.673 and different from both P(g'ff)s and P(gf;s ). Hence as a rule we will have

different estimates for the same price change depending on m,* and will get even more esti-
mates when we consider also RGEKS indices in addition to standard GEKS indices.

b) RGEKS (rolling window m = 4) The results are displayed in table A.7.
Tab. A.7: Rolling GEKS-indices m = 4

first window (0 — 3) second window (1 — 4)
GEKS direct Fisher GEKS direct Fisher

Py =0.956459 P;, =0.884776
P =0.999250 | Pj, =1.009217 | PS™ =1.024054 | P, =0.968719
P =0.674845 Py, =0.722315 | PS™ =0.694337 | P =0.703906
POKS = (0.981434* | Py, =0.926027 | PS™S =1.009785 P/, =1.052958

* . . 4/(pF PpFpFpFpF  _ pGEKS GEKS SGEKS _ pGEKS
The link La4 is \/(P34) P;\P PP, = P14(m:4)/P13(m:4) » so that Py, 7y = Poynls Ly,

RGEKS and GEKS

It is worth being noted that IA’(S‘EKS (rolling) is different from P&’fﬁis) (standard m = 5), Py, , and

P,, in tab. A.6. Also results of RGEKS with m = 3, that is f’(ﬂfﬁz): 3\/ (POFZP3F4)ZP()F1P1F3P2F3P2F4 and

with m =4, f’(ﬁfﬁﬂ = ‘{/(POF3P3F4)ZPOFIPIZP0FZP;4 differ. See tab. A.8 for all results so far.

Tab. A.8: Summary of results of modification 2

direct and chain standard and rolling GEKS
P}, =./319/372=10.926 standard

PY,=P{PLPLPL, = 0.7455 pPaxs = 3J(PL,F PEPY,... = 0.95657

Pl =P.P},= P, =./55/54 =1.0092* | rolling

because Pf,=1 POES, =0.981434, PSS =0.933313

* We will soon see that standard GEKS indices will also differ with different partitions of the interval.

Interestingly the chain index provides both, the smallest as well as the largest figure depend-
ing on the frequency of updating (linking). With two subintervals PJ, even exceeds unity.

Also standard GEKS indices depend on the partitioning of the interval: we have 3/ (POF4)ZPOFZP2F 4

— 0.95297 with two sub-intervals, and {/(BF,} P,P"PL,PLPEPY, = 0.95667 with the usual four

sub-intervals, just like P), = P,,P}, differs from P/, =P, ,PLP,.P},.

45 Note also that we have two GEKS estimates (as shown in the following table A. 7), but only one unique series
of the direct Fisher index and the (usual) Fisher chain index (with links Pg;, P5, Py, ...) on the other hand.
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2.3. Second modification: Some more analysis
Growth rates (change of price level) and links

As there is a multitude of results regarding the index numbers (levels) there is also no unique
figure for the corresponding growth rates. For the change in the prices from 2 to 3 and from 3
to 4 we find a number of different results which ideally should coincide (Tab. A.9). Note that
chain indices provide the lowest rate of change for the change 2 — 3, but not for 3 — 4.46

Tab. A.9
from 2 to 3 from 3 to 4
RGEKS
standard GEKS m — 4* = 4/(P", } PP P PF R
RGEKSm=4 m = 4: L34 = Poynls / Postmea) = P14<m:4>/ Piimes)

first window (0 — 3)*: 0.675351 (=PI /PSS ) | = ¢/(pF, P PEP"PLPY, = 1.454310

second window (1 — 4): 0.678032 (=PS™S /PS™S) | ., = 3. (two links Los, Lss) IA)GEKSS) /IscEKs

03(m=3) —

04(m=

m = 3: second window (1 - 3)
P -3 3(PL ) PEPY, = 1.440712
A (PZ)ZP;PIZ = 0.662408 m

P23(m=3) =

Pl /P, ==0.715718 or P /P’ =0.726636
PL/PE =PL =04 =0.632456

P.,/PL = 1.282027, P./PL= 1495879,
P}, /Pl =1.581138 and P,,/P), = P),= 1.375247

* periods 0 to 3 (the standard GEKS m = 4 is here equivalent to RGEKS m = 4, first window )

Pils P — 1 375 has to be kept distinct from P, /PL
P34; P;4,

Note that P},/P), =P,,/P; =P}, =

= \/pf‘q“ p'4q2 p?q3 = 1.581, and which in turn is not equal to PJ,/P}, .
P:4; P;4, P94

In addition to the index-changes listed in tab. A.9 one could of course also compute
POEKS | /paks | _pGES 3 (pF } pEPF.PEPIPLPY, = 1.423, and*” various GEKS indices with
m > 5 (they are in this case of Pys/Py; identical to the RGEKS indices with the same m), for

example PSS, /pOES - — ¢/(pF, Y prpE PEPEPEPEPEPE, which as a rule will not coincide.

Note that both indices, POCZEHKIL) <1 and P@fﬁis) are < 1 while P, is 1/55/54 = 1.0092 > 1 and
that the result of RGEKS BG™ /POS = 1.4543 differs from Pl /POrS = 1.4181 the
standard GEKS result (which in turn differs from P,,/P}, and Pj,).#8 Interestingly in our ex-

ample we have the same prices (but not quantities) in t =2 and t = 4 so that P}, = 1. However,

POES | /paks  — 3/(PF, ] PEPEPEPEPEPY, = 0.97197 (or 0.95657/0.98416) (0.971969673), and

46 Interestingly, on the one hand the change is particularly high when judged using direct indices.

47 only when our numerical example would include also periods 5, 6, ...

48 So both, the rolling and the standard GEKS method imply a price rise between t = 3 and t = 4 of well over
40% as opposed to less than 40% or even 30% when judged by the direct Fisher index or chained Fisher index
respectively.

49 Cf. tab. A.6.
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POFKS [parks | = 5\/(13;4)2P;OP§4P;P1ZP§3P3F4 = 0.9821702s58 (or 0.981434/0.999250),° and the

results of P12 /Poyns with m = m* > 5 will again be different

Transitivity

The fact that the RGEKS series Pyie>,, P, , POss, . PO™ clearly differs from the
standard GEKS system Py, . POiSo, PR POA . and this implies that the rolling
system no longer has favorable property of transitivity. This can be seen by the fact that

f)o(jtlsﬁsﬂ) = A{/(POF3P3F4)ZP($ PliPy.Py, = 0.9814 differs from Po(i]?ﬁszS) = 5\/(1)01:4)21)(? P PyP; PyPy, 1

Moreover we see that P(ﬁffff: 4 can be viewed as product of P(gfis: 4.wn from the first window

GEKS : GEKS GEKS
and Py.°, ., from the second window. However the product of Py, ”, ., and Py, )

is different; it is 4/(PLPY, P PAPLPEPY, = 0.773277. And the product PSS, poEs

gives yet another index ‘{/(POFIPIZ)ZPOFZP2F4P§3P3F4 = 0.960693. It is interesting to see that the dif-
ference is quite sizeable, ranging from 0.773277 to 0.981434.

3. Cyclical movement in the prices

3.1 The numerical example: cycles in the prices and in the RGEKS indices

In what follows we examine the consequences of a four-periods regular cycle, where for ex-
ample the price of the first commodity develops as follows: 2,4, 3, 1,2, 4,3, 1,2, ... The as-
sumptions are laid down in the following table:

Tab. A.10
t=0,4, ... t=1,5, ... t=2,6, ... t=3,7, ...
p q p q p q p q
10 4 12 3 20 1 16
5 20 3 15 4 10 4 12

This gives rise to a table (tab. A.10) of binary Fisher indices which reveals a regular repetitive
pattern.

For the numerical example we only have to consider the six different indices (marked in yel-
low colour) which form the first 4 columns of matrix of tab. A.11.

For a rolling GEKS method using m = 4 we see that the same links will appear repeatedly, and

we get for example for the first link (because the first window covers periods 0, .., 3 so that a

link is needed for the first time to arrive at P()(fl';i 4 from P(giis: H):

50 Cf. tab. A.6. The correct result should be unity (as all reasonable direct indices are P,4 = 1).
SICf. tab A.8. and text below tab. A.9.
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Tab. A.11: Fisher price indices in a four-period regular cycle
(The superscript F is dropped for convenience of presentation)

0 1 2 3 4=0 [5=1 |6=2 |7=3

0 1 Po; Po2 Po3 1 Por Po2 Po3
1 1/Py; |1 P, Pi3 1/Po; |1 Py, Py
2 1/Pp, | 1/P;2 |1 Py 1/Pp; | 1/P1 |1 Py
3 1/Pos | 1/P13 | 1/Py; |1 1/Pos | 1/P13 | 1/Py; | 1

4=0 1 Po; Po2 Po3 1 Po; Po2 Po3
5=1 1/Py; |1 Py Py3 1/Py; |1 Py Py
6=2 /Py, | 1/Pp |1 Py 1/Py; | 1/P1p |1 Py
7=3 1/Pos | 1/P13 | 1/Py; | 1 1/Pos | 1/P13 | 1/Py3 | 1

Lis= Lo =i = .= (P B0 = 4f(ps Veipieies, = s,

F pF
P02P01

Likewise the second link L, = Pﬁi’ﬁz) serves also as Lgo, L2 13 etc. in a cycle as follows:

m = 4 (the first link is L34)

L34:L7g:... L45:L89:... L56:L9’10:... L67:L10711:...
o, | Om, | OREE | orgs
1.481822 0.956459 1.044739 0.675351

It turns out that the product of these links amounts to unity. Hence just like the direct Fisher
index the series of RGEKS indices will show a cycle provided that m exactly coincides with
the length of the completely regular cycle in the price movement.

Before examining the series of RGEKS indices with various lengths m # 4 it seems useful to

see how the links L3, L34 etc. in the rolling method are in fact simply GEKS indices for vari-
PGEKS

st(m,w) ?

ous windows, referred to as where m is again the length of the window and w the

number of the window in the sequence of windows. This will be demonstrated with the for-
mulas in the case of m =3, 6, and 12 in table A.12.

Also for a rolling GEKS method using m = 3 the same links again reappear after 4 periods,
however, now (unlike in the case of m = 4)

o the product of the links (POL) differs from unity, and

o the links are also no longer simply standard GEKS indices of the first window only.
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Tab. A.12: Relation between links Lt,t+1 and GEKS-indices

(notation Pg?ﬁsw) where w = length of window, and m = number of the window)

m=3 m=6 m=12
w__| periods involved 1 012345 1 0123...1011
1 012 2 123456 2 123 ...101112
2 123 3 234567 3 23... 10111213
3 234 L _
4 ... 345 Lss = (P, P PEPE..PEPE, i/li” - ;
12 F F F F F —
> — PGEKS Pl 1,12 P11.2P2,12---P| 1,102P]0,12 -
Los = (L RER, = PR, | e
1
L¢7 = (i/(P6F7 )2 P.P)...P.PL \%((Pspo)2 133]:11)1F0P3F2P2F0)3
Lo, =3 (PF )2PFP — pGEKS *)
™ WA e - Pg(séKg) - PS,]?;(Slz,z) - Pfs?sls(;) - Pﬁfﬁ)
_ pGEKS
Las = 3 (PIS)ZPLP;S - Pg](aii) Lss = P%%;s‘) bzt = Py
GEKS Lizia= ng(’i)
Lss = ¥ (P5F6)ZP5F4PI(, = PSG;;(,?) Lso = Pros) Ligis= ngﬁ)
= Plcz}ff;

*) note that P34 = P30 and P24 = P20

Tab. A.13: Links for the rolling method and GEKS indices
The numbers (D, ),... indicate the sequence in which new links are needed for obtaining the RGEKS

results (for m = 4 see above)

m =3 m=4 m=35
Ly | @ PSS = 3/(PL FPEPY, =0.662408
Ly | @ oS — 3/(pEf PLpE, - 1.442704 + | @ Py =Puicasy
Lis | @ P — (PP PEPY, 0929503 * | @ Poriany =Pasasy | DPigs) = 0.941672
Lss | @ PSS = 3/(P5FPERY, - 1022037+ | © P =Puiiay | @ Pogis = 1029072
Le7 @ Py =Poas | Py, = 0.666546
% @DPss =1.461812

* cf. tab. A12 for the formulas of the GEKS indices. These link indices can also be written as indicated above in
tab. A.12 (because the price indices for period 4, 5 and 6 equal those of periods 0, 1, and 2), but there isno m =3
window which covers the four periods 0, 1, 2, 3.
In the following table A.14 (displayed in fig. A.1 and A.2) the results of the RGEKS indices
for m = 4 are reported together with some other indices, in particular with those where m < 4

and m > 4. The striking difference is that indices

GEKS
P

_ pGEKS
04(m=4) — P

08(m=4) — *

..=1 just like the Pj, in-

dices, whereas RGEKS indices with m = 3 and m = 5 don't follow this pattern and show a
(negatively sloped) trend much like the chain index Py, .
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Table A.14

t rollingm=4 | rollingm=3 | rollingm=35 Bl Py

I 0.956459 0.934296 0.941672 0.884776 0.884776
2 0.999250 0.955726 1001235 0.857099 1009217
3 0.674845 0.633081 0.684083 0.542077 0.722315
4 1 0.913348 1 0.750472 = By, 1

5 0.956459 0.849042 0.941672 0.663999 0.884776
6 0.999250 0.868517 0.969049 0.643229 1009217
7 0.674845 0.575312 0.645915 0.406814 0.722315
8 1 0.830006 0.944206 | 0.563208 = (P} 1

9 0.956459 0.771568 0.889133 0.498313 0.884776
10| 0.999250 0.789265 0.914982 0.482725 1009217
Il 0.674845 0.522816 0.609877 0.305302 0.722315
12 1 0.754268 0.891525 | 0422672 = (B) 1

13 | 0.956459 0.701163 0.839525 0.373970 0.884776
14 | 0.999250 0.717245 0.863931 0.362271 1009217
15 | 0.674845 0.475109 0.575850 0.229121 0.722315
16 I 0.685442 0.841784 | 0.317203 = (P},f 1

17_| 0956459 0.637182 0.792684 0.280654 0.884776
18 | 0.999250 0.651797 0.815729 0.271874 1009217
19 | 0.674845 0.431756 0.543721 0.171949 0.722315
20 1 0.622896 0.794818 | 0.238052 = (PL,) 1

* It is interesting to see that in this numerical example after each cycle the chain index is only three quarter of

what it was before, because the chain index is = % = 0.75. After two full cycles the level is reduced to about
(3%4)* = 9/16 = 0.5625 (The exact value according to the table is 0.5632).

— : FpFpFpF _ 3[pF _

In the case of m = 3 the product of the links (POL)%2 amounts to 3/P,P,P,,P,, =3/P,), =

0.908751 (note that P, = P},). Hence each cycle ends up with a value 9.12% less (1 - 0.90876
=0.09124): 0.830 is 9.12% less than 0.9113, and 0.754 is in turn 9.12% less than 0.830 etc.

The RGEKS procedure with m = 3 for example of linking starts with Py >y =3/ (POFZ)ZPOFIPIF2 -
0.955726. Multiplying Piya", by Loy = Prsy = 0.662408 gives Pie’, = 0.633081 as op-

posed to PES_, = 3/(P%, F PEPEPEPE, = 0.674845.
In the situation of m = 5 the first window covers periods 0, 1, 2, 3, and 4, so that the first link
needed is L,, = 5\/ POFI(POFI)ZPOFZPQF PPl =3/P,;,C where C is equal to (P(ﬁffli“))‘\, and Ly4s may be

written as P55, . In the same manner Lss = P{<3 . Again the product of the links (POL) is no

longer unity but 3/P},P P5P;, =3/P), = 0.944206, so that the index declines over each cycle by

52 Cf. tab. A.16 for details about the regular pattern of the four links and their product for various values of m.
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5.6%. Hence after four full cycles from t = 4 up to t = 20 the value is only (0.944206)" =
0.7948, that is 20.52% less than in t = 4.

3.2 Trend and smoothing

Such observations suggest that the time series of the index numbers will possess an ever less
negatively sloped trend, i.e. is becoming more and more horizontal, as m increases. However,
the values m =4, m = 8§, .... in the sequence of increasing values of m seem to form an excep-
tion in which no negative slope exists.

Figure A.1 (time series of price indices, data of tab. A.14)

-VAAVEAVEAVEAVS
ALY .

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Fig. A.1 shows how PF = P}, and RG-4 = P>, oscillate regularly around the mean with no
trend (or a horizontal trend) while chain = P is clearly characterized by a negatively sloped

trend (see fig. A.2). Obviously the amplitude in P, is continually decreasing and tab. A.15

indeed confirms that the standard deviation is decreasing over four adjacent cycles of four
periods (or "steps") in which the level of the index is constantly decreasing.

Tab. A.15 (cycles of Py,)

t=0tot=3 4to07 8to 11 12 to 15 16 to 19

1 1 0.750472 0.563208 0.422672 0.317203
2 0.884776 0.663999 0.498313 0.373970 0.280654
3 0.857099 0.643229 0.482725 0.362271 0.271874
4 0.542077 0.406814 0.305302 0.229121 0.171949
mean 0.820988 0.616129 0.326774 0.347008 0.253675
std.dev. 0.906084 0.784939 0.571641 0.589074 0.503661

Fig. A.2 shows in perhaps an even more pronounced way that the trend seems to be a function
of m (except for those m's that are multiples of 4 and where the time series of RGEKS index
numbers looks quite similar to the direct Fisher price index as displayed in fig. A.1).

In fig. A.2 also the trend-functions are being reported and it can be seen that the slope changes
from — 0.0326 in the case of the chain index P;, (or equivalently the P()(;’(Enfs ») index) to—0.0114
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which confirms the conjecture above that in principle a greater m causes a less negatively
sloped trend. This is also in line with the results concerning the standard deviations (see table
below fig. A.2).

Figure A.2: Trends in RGEKS indices

1,2
RG-5:y=-0,0114x + 0,9452
1
0,8
= chain
0,6 — RG-3
RG-5
——RG-4
0,4
RG-3:y=-0,0176x+0,9011
chain:y =-0,0326x+0,8051
0 T T T T T T T T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
178 Bf i) Pl o) Bl ity Py,
std.dev. 0.204381 0.146785 0.138556 0.135554 0.115829
slope (trend) -0.032556 | -0.017626 | -0.011444 -0.000728 0.000221

Also the pattern followed by the links (in particular the product of the links, POL) is quite
similar to what we found for the trends. With the exception of m = 4 and m = 8 the POL
seems to be continually increasing (and tending to 1) as m increases from m =3 to m = 9.

Tab. A.16: The regular pattern of the four links for GEKS indices of various m

m=3 m=4 m=>5 m=6 m=7 m 8 m=9"%

Ly 0.662408
L4 1.442704 | 1.481822
Lys 0.929593 | 0.956459 | 0.941672
Lss 1.022937 | 1.044739 | 1.029072 | 1.018758
L7 0.662408 | 0.675351 | 0.666546 | 0.660739 | 0.669774
Lg 1.442704 | 1.481822 | 1.461812 | 1.448622 | 1.464929 | 1.481822
Lgo 0.929593 | 0.956459 | 0.941672 | 0.931941 |0.991093 | 0.956459 | 0.948216
Lo 10 1.022937 | 1.044739 | 1.029072 | 1.018758 | 1.035339 | 1.044739 | 1.036006
Lig11 | 0.662408 | 0.675351 | 0.666546 | 0.660739 | 0.669774 | 0.675351 | 0.670445
Li11p | 1.442704 | 1.481822 | 1.461812 | 1.448622 | 1.464929 | 1.481822 | 1.470672
POL® 3 P0F4 = 1 3 P0F4 = 3 P0F4 = ] P0F4 = 1 3 P0F4 =

0.908751 0.944206 | 0.908751 | 0.959822 0.968608

a) POL = product of the four links
b) m = 10 generates exactly the same pattern of links as does m = 5 (much like m = 8 and m=4)
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With m = 2 the POL is of course P, = 0.750472. Note that the POL is the same in m = 6 and

m = 3 although the links themselves are a bit different. For all values of m we find the same
periods of a rather high growth of the price level (this applies to the transitions 3 — 4, 7 — 8,
11 — 12 etc. indicated by orange colour) and the same periods with a rather large decline of

the price level (this applies to the transitions 2 — 3, 6 —> 7, 10 — 11 etc., blue coloured
fields).

As tab. A.16 already showed, the links in the RGEKS approach with m = 6 (for the PS™®_ in-

0t(m=6)

dices) differ from those of m = 3 (for the P, indices). For example the first link needed

F
for Pognse 18 Lssm=s) = \/( 56)2 PigPagPsgPs _ = 1.018758. In the case of m = 3, however, the

F FpF
P15P25 35P45

equivalent link Lsgm=3) is given by 3{(P5FG)Z— = = 1.022937 (in the case of m = 3 it is the
45

fourth link after having already gained P(gfﬁ), Pﬂfﬁsw and P(f};ﬁs 5 in the rolling

[chainlinking] manner).

So evidently the expressions Lsem=6) and Lsem=3) are a bit different, although the product of all
four links Lsg, ..., Lg is identically 3/Pj, . Consequently also the resulting series of the indices

(gained in the standard GEKS manner up to Po .1, or gained by linking for t > m-1) are differ-
ent, as can be seen in tab. A. 17:

Tab. A.17:
RGEKS indices for various values of m (in grey fields for t > m index is gained by linking)
m=4 m=38 m=3 m=06 m=7

Po 0.956459 | 0.956459 0.934296 0.931941 0.946897
P2 0.999250 | 0.999250 0.955726 0.975630 0.965897
Po3 0.674845 | 0.674845 0.633081 0.696626 0.668323
Pos 1 1 0.913348 1 1

Pos 0.956459 | 0.956459 0.849042 0.931941 0.946897
Pos 0.999250 | 0.999250 0.868517 0.94923 0.980339
Pos 0.674845 | 0.674845 0.575312 0.627321 0.656619
st.dev. 0,151245 0,151762 0,147697 0,150277
slope 0,140025 -0,036979 | -0,026120 | -0,021206

It can easily be seen why the rolling method with m =4 and m = 8 provides the same indices
irrespective of whether gained from the standard approach (Py; through Py7 in the case of m =
8) or by linking (as for example Py4 through Py; in the case of m = 4).53

The standard GEKS index m = 8 for Py, reads as follows

Plims) = 8\/(POF 1)ZPOF2P2F PLPIP - (POF“PA‘F 1POFSPSFIPOFGPﬁFl), and due to the circularity, the second factor

(in brackets), that is P,,P;,P,.P{,P; P can be written as

53 A similar situation is given with m = 10 relative to m = 5, but not — as just mentioned — in the case m = 6 as
compared to m = 3.



PETER VON DER LIPPE, NOTES ON GEKS/RGEKS-INDICES 45

1-P P, -1-Py,P, PPl = (P(f1 PP, PP, so that the whole expression boils down to
GEKS F FpFpFpFpF F FpFpFpFpF GEKS 4 (pGEKS Y GEKS

POl(m:S) :8\/(P01)2P02P21P03P31P01-(P01)2P02P21P03P31P01 :8\/(1)01(m:4)) (POI(m:4)) :POI(m:4)' And by

the same token we have P> = Py, etc.

4. Another look at the numerical example from M. Ribe

We finally come to some interesting observations from a numerical example presented in a
paper for Ottawa Group Meeting 2011 by Martin Ribe (Statistics Sweden)>4. His example is
characterized by some sharp price changes between two periods and also constant prices over
two periods. Also Ribe made the assumption that there is a repetitive (cyclical) movement of
prices and quantities in that way that prices and quantities in t =4, 5, ... are the same as those

int=0,1, .... (see tab. A.18).
Tab. A.18 Numerical example of Ribe P, P), =./13/55
tl p | P | Qi | @ 1 2 3 4(=0)
0 | 100 | 100 10 10 0 J13/55 \26/75 1 1
1 30 | 100 | 100 10 1 1 \J/165/53 \J55/13
2 | 30 | 100 20 10 2 \/225/106 \J75/26
3 1100 | 100 2 10 3 1

Because of the equality of 4 and 0 we have Py, = (P4;)" = (Pg;)" etc.

The noteworthy feature of this example is that prices remain constant between 1 and 2 so that
P/,=1 and likewise Pj,=1, as well as Pj, = P}, = 1

On the other hand we have standard GEKS indices (m = 4 and m = 5) as follows:

Po. | GEKS (m=4) | GEKS (m=>5)
PSS | 1.100482 1.121759
PSS | 0.926184 0.940498
PSS | 14, =1.0848 1.063267

and all these figures in the table (PS™°,P;)™°, and P{;"*°) should amount to unity (as the cor-

responding P! correctly does). The situation is different, however, as regards Py, <. Note that

L3y = (POC;EKS )71 = é{/(Pfo)zpsF 1P112)P3F2P2Fo >

GEKS
P

table below). Hence for Py, , or Poi®s

and for this reason Py,

the oddity now lies in P}, because P,,# 1 although P, =1:

See fig. A.3 for a graphical representation of this result (where G3 =

54 available in the internet (paper of 2012), and quoted in the references above.

EKS
=P

osm=s) L3a = 1 (as in the

we in fact end up with unity as it should be, and

= h :
t PO(?(EII;; P()Ct}frlei@ P()C:I(EEiS) P()Ft POFt N01':e that P, rightly ieF_
1 [0.518218 | 0.529948 | 0.520888 | 0.486172 | 0.486172 | Mains constant so that P,
2 10.552371 | 0.583198 | 0.584311 | 0.588784 | 0.486172 | = Py,= 0.486 because P,
3 | 1.023471 | 0.926184 | 0.940498 | 1 0.708319 | — 1. also P¥, = P, =0.708.
4 [1.077153 [ 1 1 1 0.708319

Piins» PF = Py, etc.).
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Fig. A.3

Interestingly GEKS indices indicate 11
a change (where constancy prevails /
for example P>, > Pyl de- 1 / /
spite P, =1). In summary, what 0,9
makes Ribe's example most inter- // -3
esting is the fact that (R)GEKS 0,8 ——G4
indices can be > 1 or < 1 although 07 —_—C5
prices did not change. ' —PE
This raises the question: Can the 0,6 chain
opposite situation ( Py = 1despite 05
different prices in s and t, say 0 and |
1, so that P} =P}, #1) occur? 0.4 ' ' ' !

1 2 3 4

With m = 2 (the chain index) this is definitely not possible, because as Pyi>, =Py, =Py,

holds by definition P()Glfffliz) =P, =1 is incompatible with P} #1. However, with m = 3

POGI(EE;) = %/(P()Fl)ZP(sz; , = 1 requires (POFI)Z = P/,P), # 1 because P,, #1 by assumption and from
POGJ(EE;) = ‘{/(POFI)ZP&P;P&P;1 =1 follows (POFI)Z =P P, P P, 1 and in the same manner

Plimos) =1 is tantamount to (POFI)2 = P/ P, P P},P" P, # 1 etc., and there seems to be no reason

why such constellations of index numbers should not occur. Perhaps they tend to be more
likely - in principle at least - when m is getting larger.
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