logchange+idealindices

Log- change and ideal indices
Neuere Indexformeln, speziell "ideale" Indizes”

Indexformeln auf der Basis einer Dekomposi-
tion der Wertédnderung

/\

multiplikatives Model (Wq; = PQ)
mit Zeitvariable t

Formeln von I / \

Stuvel | diskret | stetig
Banerjee? Divisia Index

/\

Funktionen von PreismeRzahlen * Funktionen von logarithmierten Preis-
wie z.B. die Indizes P§ und Pf; melzahlen (= log change indices)

| _—

z.B. Indexformel Vartia-1 und andere log-change- indices,
von Fisher Vartia-I1 z.B. Index von Tornqvist”

additives Model (AW =P + Q)

1) "ideale" Indizes (durch Schattierung hervorgehoben) sind Indizes, die die Faktorumkehrbarkeit erftllen.

2) auf Banerjee's factorial approach soll hier nicht weiter eingegangen werden.

3) als arithmetishe oder andere Mittelwerte (die meisten log-change indices kann man als geormetrische
Mittel von Preismefl3zahlen darstelllen).

4) auch Indizes, die nicht aus einem Dekompositionsmodell hergeleitet sind, wie z.B. der Cobb-Douglas in-
dex oder Verfeinerungen der Térngvist Formel um besser Faktorumkehrbarkeitzu approximieren (For-
meln von Theil, Sato usw.).

Formeln von Stuvel! (Preisindex P°" und Mengenindex Q°")
2
pL _ QL pL _ ok
(1) P(?tT _ ot 0t + 0t 0t +W0t
2 2
st Qbi — P Q6t — Poi i
) Qot = > T > + Wot

1 Sie erscheinen auch als Spezialfalle im Ansatz von Banerjee.
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Growth rates and growth factors, despite being very popular, have the following two disad-
vantages:

o they are not symmetric, that is: 2t Yt-1 o Yt =Yt 5pq

Yia Yi

e the sum of two (or more) growth rates has no meaningful interpretation.

Furthermore, a general notion of growth rate could be as follows:
absolute change (Ay)

(3) growthrate =
level (A(y))
I 3 Yi | 3
4) Log-change (definition) D/ = In(y—} = In(yt)— In(yt_l) = In(f;)
t-1
©) Log-mean (definition) L(y,,¥e 1) = LOYi 1Y) = b 2=s if yy 2y,
In(yt /Y1)
Yt L Yt Y
6 D/ =In(—}=r =
© t Yt ‘ L(Y¢, Y1)

Figure *1: Advantages of log changes over traditional growth rates

aspect log changes traditional growth rates”
symmetry |“(yt)— |n(yt_1) =- [|n(yt_l)_ |”(yt)] no symmetry
summation Via
oversuc- | D¢ +Dlyq = In| === the sum r, +r,,; is not
cessive 1 5 | meaningful
intervals | @ growth related to a time span of two periods
eg. 6 inter- Ay Vi —VYi_1 lower (or upper) bound,
pretation | Pft = AlY)  L(Y,Yi1) see eq. 6.4.5 that is yr.1 as level A(y)

log mean of y; and yi.1 as "level" In the denominator

D =t —Ye1)/Yia

2) correspondingly the sum of m adjacent D/ -terms measures a change over m periods

P P Pi jt(%]:
) bp In[pm} In(pi0j+...+ln[pilt_1] E:lln Pir-1 %‘,In(fr).

Defintion of a "log-change" (price) index

The logarithm of a log-change (price) index Pgt or DPJt , that is In(Pgt) , or In(DPgt) isa
function of logarithmic price relatives Dp; as defined in eg. 4, such as
(7) In(Pg;) = X 0;i(Dpo;) With weights g;

The notation DP* is chosen in order to indicate a relationship between a traditional index P* and its
"log change™ counterpart
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Figure *2: Log-change indices

Figure *2 Notation (general structure of the formula)

In(Pgt) =>"9i(Dpot) with weights g; and Dpo; = Inh, L(x,y) = log. mean, vig, Vi =
i0

absolute values, wip, wi; = relative values (value shares) = v/Zv =v/V

Log change index
In(Pg;) = >0i(Dpot)

weights g; not depending weights g; depending on values (V)
on values or value shares or value shares (w)

gi = 1/n |

| gizoi | | values (v) | value shares (w) |
| | T

Jevons Cobb-Douglas Torngvist Vartia Il
v . . —ari
P‘] = H(p't) ' pED — H[pit]al Ji = arithm. meair)] O; =M
ot io o i0 of WiO and Wit ! ZL(Wio,Wit)

v

| weights as functions of shares v |

/ \
| geometric mean | | other functions |
Walsh 11 ? Vartia | Walsh - Vartia Theil
P2 Poft PWV P

| | | |

VVioVit L(VioVit) 5 || __Wviovi Y45 (Vio + Vit Viovit
2+/VioVit L(Z Vio’zVit) VZvio)(Zva) Y% (Vio + Vit VioVi
1) Wi :(Wit +Wit)/2
2) The name was given because this index has some resemblance to the "normal™ index of

_ 2. Pit/%iodit -y Pit \/(Pioqm)(pioqit) _
2. Pio~Diodit Pio Z\/(pio%o)(pio%)

3) Note that in general >; L(vio,vit);t L(Z Vio» 2 Vit )

Walsh Py = Pt
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Uniqueness theorem (UT)
UT: The Cobb Douglas index is the unique index function that satisfies
1. the circular test (transitivity) and

2. the following five fundamental axioms: monotonicity, linear homogeneity,
identity and commensurability.

The axioms constitute a system of axioms (independent and consistent) that can be satisfied by one and only one
specific index function, the function P°P. Lowe's index, as an example violates commensurability.

The following index function is known as Toérnqvist - or Tornqvist - Theil index

Wi
(hj where w; is the mean of expenditure shares for period 0 and

i=1\ Pio

==

(6.4.11) P} =

_1( Pollo , Pue

= J , or alternatively
2\XPpede XP.Y;

period t W; =1 (wjo +wy)

(6.4.12) In(PJ) =%[zwi0 In(py, / Pig) + =Wy In(py / pio)] = %[In(DPO'-t)+ |n(DP0F;)],
. 1
or of course equivalently logPJ. = E[Iog(DPOLt) +log( DP¢; )] :

(6.4.12a) Pj, =./DPLDP§ , PT satisfies time reversibility but not factor reversibility

n p Wio n q Wit
6.4.14a) DPLDQP = —”j (—”j # Vo, ,
( ) 0t DQo 'Hl( 0 il;ll %o ot

Remark to fig. * 3 (next page)

Vartia (1987) has proved some approximations using covariances and variances that the dif-
ference

(6.4.16a) Iog(DPgt) - Iog(DPOLt) is approximately equal to cov(p,V),
and correspondingly

(6.4.16b) Iog(POPt) - Iog(PO'-t) ~cov(p,q).

These are covariances between logarithmic deviations p;,q; and v;.

y—X
In(y/x)

(6.5.1) L(x,y)= L(y,x) = if xzyandL(x,y)=x if x=y.
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Figure *.3: A system of six index formulas (Vartia)
and the five tined fork of I. Fisher

type of type of weight structure The five tined fork
mean Wi Wit tine formula
arithmetic P" (Laspeyres) P™” (Palgrave) uppermost (+2) | pPA
geometric DP" (log. Lasp.) DP" (log. Paasche) mid-upper (+1) | ppP
harmonic PP (harm.Lasp) P (Paasche) middle (0) pt pT
/ \ unbiased PF , PP
mid lower (-1) | ppt-
base weight inequality current weight inequality lower most (-2) | pHt
POLt > DPOLt > PO"t|L POPtA > DPOF} > POF’t
Fisher's result was
P">DP">P->P">P" >
pP > ppL > pHL
(3) vP§-P
v v
(2) Tornqvist PJ, = |/ DPLDP§
\ 4 \ 4

There was hardly any attention given to index no. 3. All three indices (1), (2) and (3) are "unbiased" index
formulas and their results are in general in close agreement with one another.

Figure *4: Aggregation of rates of change (growth rates)
over commodities (additive model)

Notation (consider change from 0 to t)
individual commodity y; (i = 1, ... ,n), aggregate Y. = > ;. , T = 0, 1 (additive model)
i

P—

\

conventional growth rate

growth rate on the basis of log changes

(6.5.2) (6.5.3)
Yi—Yo < (yit _YiOJ [Ytj &b (Yitj
r(Y)=——=2>=Ya, In| <t |=Y<=—In =Lt
(Y) Y, 8o Ty Yo/ iZ2bi \yio
= 2. ajor(Yi) = Bi In(yie/Yio)
. _ Yo _Yio . _ _ VYit
weights a;q = Syo " Y weights b; = L(ajo,ay), aj = Sy
i |
]

commentary on the type of weights

weights a;, make use of the structural
information related to period 0 only

bi being an average of a;y, anda;; are tak-
ing both periods into account*

* weights are "balanced"”, i.e. they employ structural data of both periods.
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Vi Vit | L(Vit, Vie)
(6.5.4) In(voj _Zln(\/io] L(V,. Vo)

(6.5.5) L(Wit ,Wio)ln(vit /Vio) = (Wit —Wi0)+ L(Wit ,wio)ln(vt/vo)

ﬁj_ [ (ﬂj L(Wit’WiO)J
(6.5.6) In(VO =>1lIn Vi —ZL(Wit'WiO) ,
(6.5.7) 2 L(Vie, Vi) # L(Vy, Vo) = L2 Vie, 2 Vio) »

: L(vit ,vio)ln(p_it]

(6.5.8) In(P(}{l)zi L Vo) Pio , and correspondingly the quantity index
t» Vo
n .
ZL(Vit,ViO)In(qltj
= _

(658a)  In(QyY)-=" 102 (6.5.80) Mln(gijﬂ(ln(%’ﬁ))
i0

L(Vi, Vo) L(Vt, Vo)
(6.5.9) INVg = ZW; In(vy, /vio),

6510) InVtoppYe_ Ve VeV
W, Vo >V, Vo V,

(656a) Y L(w, ,w0)|n(ﬁj - |n(ﬁJz L(w,,Wo).
Vo Vo

o2
> L(Wit1Wio) = 2y In(pit/pio)

(6.5.112)  In(Qg2)= X Wy In(ay, /a0

6511)  In(Py2)=X

Figure 6.5.2: Tornqvist, Vartia-11 and Walsh-11 index

g
general structure: P(g) = n(ﬂj
i0

with weights g (g = 1)

_— \ e

Torngvist Vartia Il Walsh |1

gzwz%(wo +wt) g=W=L(wg,w)/2L(wg,wy) 9= VoV, / Z4/VoV,

JWow, < L(wo,wy) <3(wo+wi)=w, Jwow, = VoV, /y/VoVs

(65.13)  PorY(Po.do, Py, d¢) # APorH(Po,To.Py,dy ) (no linear homogeneity)
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(6.5.132)  Por(Po, o, MPo. 0y ) # A (strict proportionality violated).
n(k) 2 L(Vio, Vir)

Vit — Vg Vit — Vip

In(Py~(Po. Go. AP, )) = LAy, vi) =

L(Vo. Vy) In(vi /Vig) ~ In(Vie/Vig)

(6.5.14)  In(Py2(1))=In(1)+In(Ppi2), or (6.5.14) Pyr?(n) = APy2

Ideal Indices(satisfying the factor reversal test)

a) Multiplicative approach

663 Pl :[p}qoj(q}po](pfqt p9qoj — (PC*)(QCH)(SCH).
Podo Polo/\doPo/\Ptdo Podt

b) Fisher's solution

price component PC* structural change component SC* quantity component
QC*
Pido —pL P9 Podo _ , C qiPo _ QL
—lot - ' - 0t
Podo Ptdo Pod; doPo

Ptd: Podo /tht Podo
\ Ptdo PoJ; Pido Pod:

X T

new price component new quantity component
PF = PC*(SC*)"” Q" = QC*(SC*)'”
Pdo Pa: _ [9iPo 9Py
= PaiPg = Qb =vQ& Q6 = . — —
"\ pydo Pod UV gopo Py
¢) Vartias solution Figure 6.6.4: Weights in aggregating log-changes,

Single commodity (i) equation (definition): In(v;. / viy) = In(p;; / Pig) +In(ai; / i)

Aggregation: 2_g; In(vj; / vio) = 229; In(pit / Pio) +2.9; In(q;t / dio)

«— s
Vartia | weights Vartia 1l weights
~ L(vig, Vi) B _ _ L(wi,Wig)
"LV, V) Vo= 2V Ve = 2V o X L(Wi, Wip)
i Z i In Vi /Vi =
zg,|n(v,t/v,0)_|n(V0t)Z(—V°] ’ (Wt, _O)
: z(” In(vi /vio>]
(JJ ) _ Inw;; —Inw;g ~In(Vy,)

*The problem is not to show that 2.g; In(p;; / Pio) is In(P(}{l), or In(P&{z) because these indices

are defined in this way. The same is true for quantity indices. It only remains to be shown that the

weighted aggregation 2 d; In(Vj; / Vip) results in In(Vp;) , with the value index V.



