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Chapter 3 Axioms and more index formulas

3.1. The axiomatic approach, some theorems and fundamental axioms

What is an axiom?

(3.1.1) o(y,x) = [@(x,y)]"" (a functional equation)
Example: the function y = Jx would not fulfil this since then x # 1/ \/§ but rather x = y’.

Figure 3.1.2: Types of axiomatic approaches

| approaches |
constructive approach deductive approach
given: formulas, given: axioms,
to search for: axioms to explore to search for: the class of formu-
properties of the formulas las that fits the axioms
/ \
to compare systems of axioms with respect to to "characterise" an index func-
their appropriateness for certain purposes tion (uniqueness theorems)

A system of axioms A, A,, ... has to be consistent and independent: How to prove

consistency independence

inconsistency dependence

|:| easy to prove |:| difficult to prove

Quantum theory of index formulas

| Irving Fisher's "five tines fork"

biased upwards (2 + ) uppermost, (1 + ) mid-upper
neutral (0) middle (unbiased)
biased downwards | (1 - ) mid-lower, (2 - ) lower most

| Irving Fisher's seven grades quality scale (see sec. 2.2) ‘

1. worthless, 2. weak, 3. correct, 4. good, 5. very good, 6. excellent, 7. superlative

A tentative list and grouping of axioms

Most of the controversies in index theory concerning the superiority or inferiority of certain index
formulas are directly related to the different significance authors attribute to the same axiom.
As will be shown below our (most positive) assessment of traditional formulas like Laspeyres and
Paasche as opposed to Fisher' "ideal index" (vigorously advocated by other authors) is a conse-
quence of much less emphasis we are willing to give to axioms like time reversibility or the so-
called "quantity reversal test"!3 than others do.

13 This is "test" T12 in tab. 3.1.1. Especially Diewert sets great store by these properties and he therefore rejects
the traditional formulas. T12 for example rules out all formulas other than those in which quantities of 0 and t
enter the formula in a symmetric manner (interestingly all so-called superlative indices are of precisely this type,
i.e. complying with T'12).
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to the

Note also that in addition to axioms that apply to the index itself axioms may be postulated apply

growth rate of the index in question.

Table 3.1.1: List of "tests"/axioms of price index functions P(p,, q,. p;- q,)
(B.#,T* refer to Diewert's list of 20 or 21 tests, and F* to Fisher's system of tests)

Name of test

Comment

Group B.1: Basic tests

T1 |Positivity Py = P(...) and all constituent vectors are positive
T2 | Continuity P(...) is a continuous function of its vectors
F1 |Determinate (determinateness) test |if any scalar argument in P(...) tends to zero, then

or weak continuity axiom

P tends to a unique positive real number

T3
F2

Identity P,,, = 1 (or: Constant
prices test)

P(py, 9y, P q) =1 ifforalli=1,2,..,ncom-
modities p;, = py, "

T4

Fixed basket test (= Constant quanti-
ties test)

P(py, 40 P 90) = Vo

Group B.2:

Homogeneity tests

TS
F3

proportionality (strict version) in
current prices P(p,, q,, APy, q,) = A

if all prices move in proportion, so does the index, or:
if all period t prices change A-fold then the value of P
is also changed by A (A € IR)?

F3a | weak version P(p,, q,, Ap,, q,) = A | = F3 provided quantities do not change q; = qo
T6 |Inverse proportionality in p, P(APg, 9¢s P> 9) = /A
T7 |Invariance to proportional changes _
in current quantities P(Po 90> Po» A0 = P(Po: do> Po> 4
T8 |Invariance to proportional changes

in base quantities

P(py. Aqg. Py» Q) = PPy, Qo Po» Q)

Note that Diewert's definition of "proportional

ity" resembles the notion of linear homogeneity:

(TS)

proportionality in current prices
P(pO’q(),}\'ppqt) = }\' P(po’q()’ppqt)

if all current period prices are multiplied by A > 0
the new price index is A times the old price ind.

(T6)

Inverse proportional. in prices p,

P(}Lpo, q()7 pta qt) = 1/}\’ P('p()7 q()7 pta qt)

Group B.3: Invariance and symmetry tests |

T9 | Commodity reversal test invariance upon changes in the ordering of com.
T10 | Invariance to changes in the units |independence of the quantities to which price
F4 |of measurem. = commensurability |quotations refer (i.e. units of measurement)”
T11 | Time/country reversal interchanging (qo.p) <> (q,.p,). 1.e. reversing the
FS |P(py. 90, P 90) P(Pi> ¢ Po> 9p) = 1 | direction of comparison yields Py = 1/Py;
T12 | Quantity reversal test (quantities of . .
P =P
both periods must enter symmetrically | . (po’.q" tpt’ qo). . (pﬁ)’ Qo> Pe qft) mdii rema:ns
the index formula) invariant upon interchanging of quantity vectors
T13 | Price reversal test PRT (obviously |quantity index remains invariant upon inter-

different from PRT in sec. 3.2)°

changing of price vectors
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| Group B.4: Mean value tests |

T14 | Mean value test for prices (often Py lies between minimum and maximum price
simply called: Mean value test) relative

T15 | Mean value test for quantities implicit Qg lies between min and max quantity relative

T16 | Paasche + Laspeyres bounding test | P" < Py, < P* or P* < Py, < P°

| Group B.5: Monotonicity % tests |

T17 | Monotonicity in current prices if any pj increases (pit > pio) Por increases (Po; > 1)
T18 | Monotonicity in base period prices |if any pjo increases Py, must decrease

T19 | Monotonicity in current quantities | implicit Qo must increase if any qj increases

T20 | Monotonicity in base quantities implicit Qo must decrease if any qjo increases

| Other tests, additivity (aggregative)” properties |

T21 | Factor reversal P, Q,, =V, Qo = P(qy.py-q:-Py) if Py, = P(Py.q0:P1-q,) that is Qo
F6 is derived from Py, by interchanging prices and quantities 7
F7 | Circular test (see sec. 3.2) also called transitivity test or chain test
F8 | Withdrawal-and-entry test 9 and Index should remain invariant if a price relative or sub-in-

equality test (see sec. 5.2) dex is added or removed which is equal to the overall index
Aggregative consistency of the Aggregation of relatives to subindices and subin-
index formula (see sec. 5.2) dices to the overall index follow same function '*
Structural consistency of volumes | Using P, as deflator should result in volumes that
(deflated values), SCV in sec. 5.2 satisfy the same definitional equations values do

1) or: P(po,pp) = 1 for an index not depending on quantities.

2) note that identity is obviously the special case A = 1.

3) or: the price index function is (positively) homogenous of degree one in the components of the current pe-
riod price vector py.

4)  We first referred to the commensurability test/axiom in connection with Dutot's index (see sec. 1.2).

5)  According to Diewert the indices of Laspeyres (P“) and Paasche fail this test while they are able to pass the
differently defined PR-Test in sec. 3.2.

6) What is defined here is strictly speaking weak monotonicity as opposed to strict monotonicity

7) otherwise product test.

8) The purpose of these tests is to make sure that the overall-index can be compiled from sub-indices or be de-
composed into sub-indices without difficulties and that aggregation and deflation yields reasonable results.

9) rarely mentioned at all; to be discussed in the appendix and (along with the equality test) in sec. 5.2/4.

10) with weights adjusted appropriately to the aggregation problem in question.

Commensurability can be expressed as follows
(3 1 2) P(Lpo ’L_lqO 9Lpt 9L—1qt ) = P(Po 9q0 ’pt 9qt )

where L is a n X n diagonal matrix with elements A ,...,A , such that

A 0 .. 0 A, O .. 0

0 A .. O 0 /A, .. 0
L= and L1 =

0 0 .. A, 0 0 .. l/A,

When commensurability is satisfied the index function can be expressed in price relatives.
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1/py0 0 0
0 1/py . o
L= with main diagonal elements 1/pjo.
0 0 . 1/pyo

Then we obtain
Lpo=1,where1'=[11...1] and

Lp, = a, the vector of price relatives a' = [p1/pio P2o/P20 .. Pn/Prol . Furthermore
L_lqo = v, the vector of base period values vo' =.[pioqio P20920 --- Pnodno] and
L_lqt = v, the vector of volumes v = [pioqit P20zt --- Pnoqntl -

(3.1.3) P(py.40-P:.9,) = P(a,vy.vy) ,

By (price) dimensionality or homogeneity of degree O in prices

(3.1.4) P(ApPy.q0-AP,-9q,) = P(Py.4q¢.P;-9q;) (price) dimensionality.

In combination with commensurability quantity dimensionality is implied:

if price dimensionality and — | then also quantity
commensurability is met dimensionality

Quantity dimensionality (also called "weak commensurability ") is defined as follows
(3.15)  P(Apy.Alqq.Ap.A71q,) = P(Py.qo.P:.q,) -
The idea of the "identity test" has been introduced by Laspeyres. As already explained above

| identity: if no price changes the price index function should be 1 (unity). |

(3.1.6) strict identity  P(p,,q,,.Po.9q,) = 1, if p, =py
(3.1.6a)  weak identity P(p,,q,.P,-49,) =1, where p, =p,and q, =q,

A statement to be regarded in a certain sense as the "opposite" of identity is:

if any one single price taken in isolation* is rising (or declining), the index
function should not be 1 but indicate a rise or decline.

* hence also the case of all prices or some prices is covered.

This is guaranteed by the monotonicity (in current period prices) axiom. In order to prove that
identity and monotonicity represent indeed two independent and different properties it should
be demonstrated that at least one example of an index function exists that fits to field (1,2) and
to field (2,1) respectively:

index prices remain constant pi; = Pio prices going up/down
constant P, = 1 (1,1) identity (1,2) Xpoqo/Xpoqo = 1 = const.
indicates a change® |(2,1) Vo = Zpq/Zpodo (2,2) monotonicity

* in the correct direction

(3.1.7)  strict proportionality P(p,.q,,AP,.4q,) = A, where A € R, and p, =Ap,
(3.1.7a) weak proportionality P(p,,q,,APy.q,) =A, where Le R, p, =Ap,, q, =4,

Proportionality implies identity but not conversely:
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—

if an index satisfies proportionality then also identity

PL, PP, PF PDR PHPL, PW, PME and Pk all satisfy the following tests:
1. identity, 2. determinateness, 3. commensurability, and 4. proportionality

The following uniqueness theorem (UT - 1) is easy to verify:

A pair of Fisher indices P{, Qf, is the only pair of indices that satisfies the
product test (or factor reversal test) P, Q,, = V,, and P,, / P =Q,, / Qg

An example of an inconsistency theorem

There do not exist functions, Py and Qq, which satisfy simultaneously
1. the identity (strict or weak) axiom, 2. the circular test, and 3. the product test.

Figure 3.1.3: Relations among some axiomatic properties

| change in prices \

| no change takes place ‘ ‘ a change takes place (but extremely simple to describe) ‘

P

\

the index should
notreact(P=1)

isolated change of
only one price

all prices change
at the same rate A

prices change at
different rates

(3) proportional-

(4) (strict) mean

1) identit 2) monotonicit .
1 y 2) y ity value property
identity is a special index should react P # index should equal index should represent
case of proportional- 1 and show the correct A, thatis P =2 average change such

1ty

direction of change

Relations among the properties are for example: (3) — (1), and (4) — (3).

that 7"min <P o < }\‘max

Figure 3.1.4: Tentative classification of axioms and their uses

| axioms motivated by |

L

fundamental requirements the use of index numbers in analogy between an index
of measurement in general economic analysis and individual relatives

7. time reversal test
8. factor reversal test >
9. circularity (transitivity)

1. commensurability
2. (price) dimensionality
3. identity

4. monotonicity
5. linear homogeneity

6. aggregative properties :

—
by implications

proportionality by 3 + 5

homogeneity of degree -1 by 2 + 5
strict mean value property by 3 +4 + 5

T~

1 they may be called invariance axioms
2 seesec. 5.2
3 unlike the factor reversal test the product test is deemed necessary
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3.2. Fundamental axioms and their interpretation

a) Meaning of strict and weak monotonicity

f) The meaning of linear homogeneity

b) Additivity and multiplicativity

g) Linear homogeneity and proportionality

¢) Generalization of Bortkiewicz’s theorem™

h) Discrete time approximations and weights

d) Mean value property (for price relatives)

i) Proportionality of quantity indices**

e) Monotonicity, proport. mean value prop.

j) Value dependence test

*) for additive indices, ** "value index preserving test"

a) The meaning of strict and weak monotonicity

(3.2.1)
(3.2.2)

P(po»4o.Pr-q;) > P(P.q0-P;-q,), if p; > p, and
P(py.G0-P;-q) < P(Pg.qo:P(-q;): if Py = Po-

In contrast to strict monotonicity the so called weak monotonicity is defined by

(3.2.1a)
(3.2.2a)

P(py.q.p.-q,) > P(py.q0.P0.q,) if p,2p, and
P(p,.qy.P;.49,) < P(Py.90.P¢-q,) if p; < py.

Strict monotonicity implies weak monotonicity

—

if strict monotonicity is met then also weak monotonicity

but the converse is not true. Two (independent) variants of weak monotonicity:

prices decline prices rise (p; > po), €q. la

(Pt < Ppo), €q. 2a yes no
yes Palgrave's index Prin
no Prax median of price relatives

Pin and P, are given by min(&J and max(iij respectively.
i0 i0

Figure 3.2.1: Strict and weak monotonicity

Monotonicity is a statement concerning

— T

one index only, such that Py, >1 or the comparison of two indices, P(; and Py,

Py, <1 is required such that P{;t > Py, or PS} < Py, is required

weak monotonicity strict monotonicity

the index function is monotonically
increasing in the price relatives*

Py, and Pj; refer to situations which are part-

ly the same and partly different

inequality the same is different is
eq. 3.2.1 Po.90-9; p, and p¢
eq. 3.2.2 P.-90-9, P, and pj

* This simply means that we should get P > 1 (or P < 1) when the price relatives p/p, show a rise (or decrease)
irrespective of whether the rise (decline) is due to rising prices p; or lowered prices py (or lowered prices p;
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and increased prices pg). That is the reason why there is only one condition comparing p, with p, whereas
strict monotonicity needs two conditions (comparing p* with p in period t or in 0).

Index functions that can be conceived as means (averages) of price relatives are always mono-
tonically increasing (decreasing) when the price relatives rise (decrease)*

* in other words: they are by implication monotonous in the weak sense

-1
piiB = [Z&&} (harmonic mean with base year budget = harmonic Laspeyres)

P 2.Podo
PFA = Z&& Palgrave’s index.
Po 2P,
Table 3.2.2: Two conditions of strict monotonicity
eq. 2 base eq. 1 current period prices
period prices yes no
yes P" P’ etc. Palgrave's index P™
no harmonic Laspeyres P*® | median of price relatives

b) Additivity and multiplicativity as special cases of strict monotonicity
Assume nonnegative price vectors, p; and p§ which are defined as sums of two price vectors
then the function P(...) is additive if

(3.2.3)  P(po.p7) =P(o.p)+P(Py.p{) =A+B  where pf =p, +p{, and
1 1 1 1 1
(3.2.4) - = + n =— + — where p;,=p,+p{J.
P(p,.p,) P(,.p,) P(;.p) C D eore e
eq. 4 eq. 3 satisfied eq. 3 violated
satisfied |PL, PP, Dutot PP unweighted harmonic mean of P* and P*

violated | Carli's index PC index of Drobisch Y2(P“ + P") | Fisher's ideal index P"

b
Weak variant of additivity: vector p} =| ... |and p{ is defined correspondingly.
b
(3.2.5) P(py,pi) = P(Kpy,Lp,) = P(py.p) 0(K 5Ky Apses )
K, 0 A, 0
where K and L are diagonal matrices K = and L =
0 K 0 A,

n

and ¢ is a function depending on the real numbers ¥, X3, ..., Ky, A1, A2, ..., A, only such that ¢
is a positive real number. The logarithmic Laspeyres index is multiplicative in current period
prices only (eq. 3.2.5). Theorem: An index function P( ) that satisfies the conditions of addi-
tivity necessarily must have the following form P* = a'p,/b'p, . This explains also why for
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example Fisher's ideal index P* does not fulfil the conditions of additivity. The same is true

P

2
for the quadratic mean index!4 (3.2.8) PM = \/ Z(_j Podo

Po) 2.PoPy

c) Generalization of Bortkiewicz’s theorem for additive indices

Figure 3.2.2: Generalisation of Bortkiewicz's theorem (ratio of two additive indices)

first additive index X second additive index X;
X, = ZXto X, = 23
2. X0Yo 2. X0Y,
i weighted (weights w, =Xy, /> XoY, ¢
throughout) arithmetic mean of the relatives
xdxo: X=X, Vdyo: Y = YKo
YoXo
¢ variances (weights wy) of the relatives ¢
2 2
X, = _
wisix(E x| e g2
X0 Yo

the covariance is given by

Sxy = Z(ﬁ—ij(ﬁ—?jwo :ﬂ_i.?

X0 Yo 2 XoYo
and the ratio of two additive indices
X S sxy S Sy
329 —l:1+ V.V :1+$ h = ,V ::X dV ==
G295, TNty wheeny =0 oY= N EY

*) The formula of Y can be derived from X = X, by interchanging x and y.

It can easily be seen that the special case of sec. 1.3 was as follows: X, =X =P,;,X, =P} and

Y = Q(%l. Only in this case the coefficients of variation, Vi and Vy are symmetrically defined,

one representing the relative dispersion of price relatives and the other the relative dispersion
of quantity relatives.

d) Mean value property (mean value test for price relatives)

The index should take a value between the smallest and the largest price relative (aj, )
(3.2.10) min(a})t) <Py < max(a})t) (strict mean value property).

(32.11)  P(p,.qy.P,.q,) = Amin(aj, ) +(1-A) max(al, )

where "strict" means 0 < A < 1 whilst in case of "weak" 0 < A <1 is admitted.

14 The formula P will be referred to in sec. 5.2 because it is aggregative consistent but not (more restrictive)
additive in the sense defined above.
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e) Relations between monotonicity, proportionality and mean value property

if monotonicity* and pro-
portionality** is met

—

then also strict mean
value property

* weak monotonicity sufficient

** or which is the same: identity and linear homogeneity

Again the converse relation is not true (if strict monotonicity is concerned at least). An exam-
ple for this is once more Palgrave's index.

given strict mean value property ’
given strict mean value property —_—
given weak mean value property '

f) The meaning of linear homogeneity

then also proportionality

then also weak monotonicity

then also proportionality

A e R

then also homogeneity
of degree -1

(3.2.12)  P(p(,90-AP:-4:) = A P(Py.q0,Ps-9q)s
1
(3:2.13)  P(Apy,Go-Pi-a:) =5 P(Po,Go-P:-4,)
given linear homogeneity
and dimensionality '
(3.2.14) PY = Zptqt (3.2.14a) P =

S pia;

g) Linear homogeneity and proportionality

if linear homogeneity and identity are met

—p

ZPtQO
ZPOqO

then also (strict) proportionality

Linear homogeneity (LH) and (strict) proportionality (PR) are independent:

Table 3.2.3: Independence of linear homogeneity and proportionality

LH PR Examples
yes no o~ (as opposed to P)"), value index Vi
LY S PEX ' Stuvel's indices (PST,Q350); Vartia-I index’; P2*? of Banerjee

1 exponential mean index (eq. 3.2.15 below) weighted or unweighted
2 only weak proportionality and identity but not linear homogeneity

3 This holds true for P!

in contrast to the Vartia II index

(PV?). Olt 1996, p. 86 erroneously states that the Var-

tia IT index violates linear homogeneity and the Vartia I index violates strict proportionality, see sec. 2.6.

(3.2.15)

EX
PO t

1w (p)l
lnLH Z exp(i—io” ,
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h) Linear homogeneity, monotonicity and mean value property

if (strict) monotonicity, linear homo- | =———p |then also (strict) mean

geneity and identity are met value property
if (strict) monotonicity and pro- — | then also (strict) mean value
portionality are met property

if (strict) mean value property is met | === |then also proportionality*

*  Proportionality is clearly an implication of mean value property, but the converse is not true as can be seen by the
index function P, .

Figure 3.2.3: Linear homogeneity, monotonicity and proportionality
(see also fig. 3.2.1)

A statement concerning

« T
one index only, reflecting correctly difference of two indices
direction of change: weak monotonicity direction: strict monotonicity

Po: 1§ 1nc.reased (P.0t>1) whenever an}./ of| I Py > Py, if pf >p,.or
the prices in t are raised or any of the prices
in 0 are lowered

amount of change: proportionality amount: linear homogeneity
if all prices rise with the same rate ~’ A, the . = AP, if prices in t are p, = Ap,

index Py, should amountto A (p,=Ap,) )

2. Py, <Py if py>pg ”

and in 0 the same, that is py = p; °

1) more precisely A is the growth factor of prices.
2) and the other price vectors (py in 1 and p; in 2) remain unchanged
3) comparing prices p, with py (proportionality) or prices p;* and p, (lin. homogeneity)

i) Proportionality with respect to quantity indices, the ''value index preserving test'

Proportionality in the case of a quantity index Q means Q(p,.q,.P.»Aq,) =A, and when A = 1 we
should get Q =1 (identity) and therefore

(3:216)  P(Do.loPe o) QPory Py M) = Vor= 2290 = pr— ZPdi _ pe
o 2. Podo 2. Pod,

called "value index preserving test" by Vogts (not to be confounded with the Value dependence test).

Table 3.2.4: Summary information on relationships among axioms

assumption(s) consequence assumption(s) consequence

1 Circular test + . 2 Dimensionality + o . .

P time reversal test = . quantity dimensionality

identity commensurability

3 Linear Homo- . . . 4 Linear Homogeneity | homogeneity of
e (strict) proportionality . "ZOmog y £ y

geneity + identity + dimensionality degree -1

5 strict Mean value | weak monotonicity, pro- . . . weak monotonicity ad-
) ) ) : 1 6 strict Monotonicity ..
property portionality, dimension. - ditivity
7 strict Monoton. + | strict mean value prop- . . identity (simply the spe-
; 2 Prop 8 Proportionality . y (simply p
proportionality erty = cial case A= 1)

1 and of course also weak mean value property
2 because of 2 also strict monotonicity + linear homogeneity + identity — strict mean value property.




VON DER LIPPE: HANDOUTS FOR THE MEDSTAT - COURSE ON INDEX THEORY AND PRICE STATISTICS 46

J) '"Value dependence test'', another uniqueness theorem for Fisher's ideal index

The function P, =P(p,.q,.p,.q,). R ¥ = R ,, and the following function

Py, = £(Xpodo. X Pode- 2P0 2Pedy) . RE, >R,
or simply f(a, b, ¢, d) should yield the same result.

This means that it should be possible to express the index function Py, as a function of the four
aggregates XpoJo, LPoqss P:do, and Xpq;.

3.3. Systems of axioms

a) Irving Fisher's system of axioms (tests) ¢) Two systems of Eichhorn and Voeller

b) A system of Marco Martini d) Additional systems of B. Olt

a) Irving Fisher's system of axioms (tests)

F1 determinate (determinateness) test

F2 | identity Py, =1 (p;, = p;, for all i)

F3 commensurability

F4 | proportionality (strict version) (p,, qg» APo> q9,) = A

F5 time/country reversal test Pyy = 1/Py

F6 | factor reversal test Py, Q. = Vi,

F7 | circular test Py=P) P, , or Po=P, P P etc. forall 0,r, s, t

F8 | withdrawal-and-entry test

(330 PLRL = PPIPLRL = (PP NRRE ) # P = R

Besides inconsistency doubts also arose as to the independence of the requirements.

| if the circular test and identity is satisfied | —) | then also the time reversal test |

| if proportionality is satisfied (F4) | — | then also identity (F2) |

b) A system of minimum requirements of an index by Marco Martini

Examples given by Martini to demonstrate the independence of this system

axioms fulfilled axiom violated example
2 and 3 1: identity value index Vo = Xpq/poqo
1 and 3 2: commensurability Dutot's index
1 and 2 3: linear homogeneity exponential mean index (see sec. 3.2)

aq a Opn
332) PWM= (%j (%j (%j where Yo, = 1,0, <0, Olyse..s0l, > 0.
10 20 n0

¢) Two systems of axioms established by Eichhorn and Voeller

(3.34) P, =P(py.9qy.P,-9q,)» R — IR, (index function P).
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Interesting features of the systems of Eichhorn and Voeller, both EV-4 and EV-5,

1. none of the reversal tests (time and factor reversal test) nor the circular test of Fisher is men-

tioned in the EV-systems

2. as in most other modern axiomatic systems also no mention is given to axioms restricting the
type of weighting schemes wanted for an index, i.e. axioms dealing with quantities

(Examples of such "axioms": weights of both periods, O and t should be used, and they should enter the
formula in a symmetric fashion, more recent variable weights are to be preferred to constant weights of

base period 0)

3. though monotonicity is an element of both EV-4 and EV-5 no attention has been given to addi-
tivity as a special case of monotonicity nor to other useful properties relating to aggregation

and deflation,

Identity and linear homogeneity in EV-5 have been replaced in EV-4 by proportionality, being weaker

and implied in EV-5. Hence

an index function satisfying the
five axioms system (EV-5)

is also able to satisfy the four
axioms system (EV-4)

Combinations of index formulas

If P,,P,, ..., P, are price indices each of them satisfying EV-4, or EV-5 respectively then P=

a;Py + a;P, + ... + a,Px or (more general) P will do so as well
L _ | 8#0, «,20,.,0,20
o : real constants, 2061 =1

(335 (P8 + ...

+a,P%)s =P

Figure 3.3.1: Systems of axioms by Eichhorn & Voeller

—

Axioms applying to

index formulas depen-
ding on prices only *’

\

| index formulas depending on prices and quantities |

/\

five axioms system (EV-5)

four axioms system (EV-4)

1. monotonicity

1. strict mondtonicity

1. strict ménotonicity

2. dimensionality

2. (price) dimensionality

2. (price) dimensionality

3. identity

3. commensurability

3. commensurability

4. linear homogeneity

4. identity

4. strict proportionality

5. linear homogeneity

l

by implication

4 + 5 — proportionality *

2 +5 — homog. degree -1

|4 > identity

2 + 3 — quantity dimensionality
1 + proportionality — (strict) mean value property
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d) Additional axiomatic systems of B. Olt and remarks on
the choice between systems of axioms

Figure 3.3.2: Three systems of axioms by B. Olt

| Three additional axiomatic systems |

Olt 1 | | Olt 2 | | Olt 3
1. dimensionality 1. dimensionality 1. dimensionality
2. commensurability 2. commensurability 2. commensurability
3. weak monotonicity 3. weak monotonicity 3. strict mean value property
4. proportionality 4. weak mean value property 4. symmetry

An index function admissible in the definition "Olt 3" in contrast to "EV-4" is for example Palgrave's index be-
cause of being monotonous only in the weak sense (as [strict] mean value property implies weak monotonicity

and proportionality) but not in the strict sense (that is the reason why this index does not comply with EV-4).

3.4. Log-change index numbers I: Cobb-Douglas- and Tornqvist-index

a) Growth rates, log changes, new formulas | ¢) The Tornqvist index

b) Cobb Douglas index, circular test d) Quantitative relations between 6 indices

a) Growth rates, log changes, and new index formulas on the basis of log changes

G4l =Y Yo A g

Y Y
(342) f, =2 =1+r,.

t—1

Growth rates and growth factors have the following two disadvantages:
Ye =Y +_ Yie1 — Y
Y Yi
¢ the sum of two (or more) growth rates over time, has no meaningful interpretation.

and

e they are not symmetric, that is:

Furthermore, a general notion of growth rate could be as follows:

absolute change Ay
level A(y)’

(3.4.3) growth rate =

(14.8a) D/, :ln( . j:hl(yt)_ln(yt—l):ln(ft)’and
Yi-1
Ye = Y-
(3.4.4) L(y(,ye-1) = L(y-1,¥y) : =

= if £V, 1.
In(y, /y_,) = 2t7 7

Yt L Ye = Y1
(3.4.5) D/, = ln( j =1, = — _,
‘ Yi-1 ' L(y¢»Yi-1)

Growth factor f and growth rate r of POLt, as an example are defined as follows
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Py Pi.c Pi.i-1i0 P; . .
(34.6) P =1+r(pt)=—0 =S P Luoto | N Puog _p s an index
" " P&H zpi,t—l Zpi,t—lqio zpi,t—l Lo

with variable weights whereas both, POLt and P&H have the same constant weights poqo/Z poqo-

Table 3.4.1: Advantages of log changes over traditional growth rates

aspect log changes traditional growth rates”
symmetry In(y,)-1In(y.,) =- [ln(yt_l)—ln(yt)] no symmetry
summation D¢ +Dly, = ln(ymj is a growth related to a |the sum r, +r,, is not
over succes- Yo

A meaningful
sive intervals | ime span of mwo periods
. Ay Y Y 3451 lower (or upper) bound,
eq. 3.4.3 in- Dl = A(y) - L(y,. V1) See €q. 5.4.0 10g mean | q¢ is ye1 as level A(y)

terpretation . .
of y, and y.; as "level” in the denominator

1) r ineq. 3.4.1
2) correspondingly the sum of m adjacent log-change-terms measures a change over m periods

Table 3.4.2: Definition of a "log-change" (price) index P,

The logarithm ln(P(;) of a log-change (price) index P,, is a function of logarithmic price relatives

Da), =In(p,/ P, ); for example a weighted arithmetic mean of such Da), terms:

348  In(p)= Zgi(Dagt) with weights g; where aj, =p, /p;, -:

To give some examples:

In (p(’;l ) P(; weights
1 1/n
—Zln(&j (Carli-type) H[p“J (Jevons) g = 1/nfor all i
n i0 Pio
n gi
ln(DPOL[ )= ZIH(&J@ . DPoLt - H(&]
i=1  \ Pio i\ Pio g = piOin/zpiOin
DP,): = logarithmic Laspeyres index*

* The notation DP* is chosen in order to indicate a relationship between a traditional index P* and its "log change"

counterpart.
See figure 3.4.1 (next page) for an overview over Log change indices

All index functions built as geometric means have extremely simple formulas of growth fac-

1/n
tors. For example the unweighted Jevons index PJY = H(&j =1 I_Iai)t meets transitiv-
i \Pio
ity. The growth factor of P is simply
1/n
347 ()= YR =TTl /i)™

the geometric mean of p, /p; ., terms so that

H(pit /pio)un = H(pil Pig )Un 'H(piz /pu)l/n---H (pit /P )Un or (equivalently)
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i plt _ pll pll < pi,r —
(3.4.72)  Day, = In| - |=In| =L |+ +1In =Y In| == |=>"In(¢,)
Pio Pio Pi.t1 =1\ Pit T
However for the Carli index we get

/
(3.47b)  f(PS)=PI/PS, = 2(bu/Po) =3 (py /Py )0

Z(Pn 1/P10)/n

Figure 3.4.1: Log-change indices

general structure: ln( ) ZIn Py /Pio )g. with weights g and L(x,y) = log. mean,

Vio, Vit = absolute values, wjy, w;, = relative values (value shares) w = v/Xv

/\

weights g; not depending on weights g; depending on values (v)
values or value shares or value shares (w)
| gi =0 | | values (v) | | value shares (w) |
Jevons Cobb-Douglas Tornqgvist Vartia Il
1/ . . = ari . .
o H[pitj n o I—IEPit] : g, = arithm. mealr)l o = L(Wig,Wi()
o Pio o Pio of wig and wy ' ZL(WiO’Wit)
v
| weights as functions of values v |
/ \
| geometric mean | | other functions” |
| _— |
Walsh IT * Vartia | Walsh - Vartia Theil
P2 P! PV pSH
v VioVit L(Vio > Vit ) 4) VVio Vit %/% (Vio + Vie) vioVit
Z\/ VioVit L(Zvio’zvit) (ZViO)(Z Vit) Z%/%(Vio +Vit)V10Vit
normalized weights not nor- weights not nor- normalized weights
weights Xg =1 malized Xg # 1 malized Xg # 1 Yg=1

D w,=(w, +w,)/2
2) an index function in this context not mentioned here is the index of Rao
3) The name was given because this index has some resemblance to the "normal" index of

Walsh PW P(;’l” Z:p“— Vil _ z& (pioqio )(piOqit ) .
z PioV dioDic Pio Z\/(Pioqio )(Pioqn)

4) Note that in general > ; L(vig.vie) 2 L(Z vig- 2 vies).-

b) Cobb Douglas index P§P", constant weights and the circular test

n ] i n O\ %
3.4.8) PSP = H(ﬁj (and QSP = H(ﬁj correspondingly),
i=1\ Pio i=1\djo
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where o are any real constants, Xo; = 1 and 0 < o; < 1, not necessarily expenditure shares.

a 1-a a 1-a
349) P = (&j (@j (p—”j (pﬁj = PSPPSP, (o = a, o = 1-a)
Pio P2o P1i P21

Pit_and A, =—2L then the growth fac-
P11 P21

Assume constant growth factors of the prices A, =

tor of PSP is 7»?7»12_3, and is constant for all periods t. By contrast he same conditions pre-

vailing in the case of the Laspeyres price index P, will result in the following growth factors:

Piodio AiDiod;
Ph=1-Rf: Th g = FABy R oPh: DA P oo,
Piodio 2 AiPio9io
220..0.
Ph—Pl:  Th o0 3.8, and so on,
zxipio(ho

The growth factor of P is a geometric mean with constant weights a; (for all periods t =
1,2, ...) and therefore constant as well whereas the growth factor of P! is an arithmetic
mean with changing weights and tending to the largest individual growth factor of prices.

Example 3.4.1
Consider two commodities, with base period expenditure shares w=w, =p,,q,,/ Zpioqio

= 0.6 and w, = 1 - w = 0.4. Prices are increasing at a constant rate of 80% or 20% respec-
tively such that the constant growth factors are A; = 1.8 and A, = 1.2, and the prices are

P1e = MPio and p,, = A5 p, respectively. The series of Pé; now is determined by

Py 1 1.56 2.52 4.1904 7.128
P /Py 1.56 1.62 1.663 1.701

1-
By contrast the growth rate of P” is constant (XI)W (kz) "= 1.5305.

The circular test and a characterization (uniqueness theorem) of peP

(3.4.100  PVPLY _2Pa2pa_ pLW _ 2P

U3 padpd Y Y pd

UT-7: The Cobb Douglas index is the unigue index function that satisfies
1. the circular test (transitivity) and
2. the following five fundamental axioms (EV-5): 1. monotonicity, 2. price-
dimensionality, 3. linear homogeneity, 4. identity and 5. commensurability.

c¢) The Tornqvist index PJ an "unbiased' index formula in a system of six indices

n ) 1
(3.4.11) PL= ‘Hl( p“j where w; is the mean of expenditure shares for period 0 and
=R Pjo

Podo " P9,
2ZPo90 2P

. 1 )
period t W; =1(wy +w, )= —( j , or alternatively

2
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1 1
(3.4.12)  In(PL)= 5[2 wioIn(py / pi) + Wy, In(py, / pyo)| = E[In(DPg;)+ In(DP; )],

or of course equivalently logPJ = %[log(DPOLt)+10g(DP(§’t )], where DP} denotes the "loga-

rithmic Laspeyres price index", and DP, the "log. Paasche price index " respectively.

(3.4.13a) either Py; > Py, > P, or P < P), <Pg,, and

(3.4.13b)  either DP); > Pg, > DP, or DP}; < Py, < DP, .

As PE = [PLP® is arising from (13a), so does (3.4.12a) Pi =/ DPLDPE

from the second (13b). Note that for example Pé; > P(i does not entail DP&; > DP(i (ex. 3.4.2).

P' is the geometric mean of two log-change indices DP" and DP", much in the same way as P" is the
geometric mean of P* and P*. Thus the role P" plays with respect to log-change indices (logarithms of
price relatives) is similar to the role P* plays in the case of normal indices (price relatives). There are
however limitations to the analogy: P" is a mean of relatives; P" has no such mean-of-relatives inter-
pretation!3. On the other hand p* passes the factor reversal test (is "ideal") while P" is not even con-
forming to the (weaker) product test.

(3.4.14) P&P@:H(ﬂj iH(pij o

Pio Pit

n p. Wio n q Wit
(3.4.14a) DP(;DQSFH(—H) H(—ﬁj #V,,,

i=1\ Pio i=1\dio
Tornqvist's index does not meet the factor reversal test!®

d) Quantitative relations between six indices

Numerical example (ex. 3.4.2)

commodity base period (0) current period (t)
price quantity  value price quantity value
A 10 20 200 12 20 240
B 20 16 320 18 20 360
C 16 30 480 24 25 600

The price relatives are for commodity A: 1.2, for B: 0.9 and for C: 1.5. Hence we get
DP"=1.2°20.9%%%1.5%* = 1.21820, and DP" = 1.2°20.9%° 1.5%° = 1.23071
and the two "traditional” indices P" = 1.248, and P* = 1.2. Interestingly:

though P* = 1.2 < P" = 1.248 we have DP" 1.231 > DP" = 1.218.

15 Note also that the average weights used in P can be viewed as crossing of weights whereas eq. 3.4.12/12a can
be regarded as crossing of formulas. Thus P' has two interpretations (in terms of "crossing"), P¥ only one.

16 1t does not even meet the product test since the implicit (indirect, antithetic, cofactor) quantity index V/P" is
not proportional in the quantities q; (because they affect w;).
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The two geometric means are PT =+/DPLDPP = 1.22444 and P" = 1.22376. For the har-

-1
monic Laspeyres index we get PHL = (%+%—392+%j =1. 18734 and for Palgrave’s

index PPA =12-02+09-03+15-05=1.26, so that the third unbiased index turns out to

e vPPAPHL =].22313.

| P’=12 | DP’=123 | P™=126 |
| P™=1187 | D™=1218 | P-=1248 |
| Q°=0962 | DQ°=0976 | Q™=0992 |

| Q™=0969 | D¥=0984 | Q“=10 |

Figure 3.4.2: A system of six index formulas (Vartia) and the "five tined fork" of I. Fisher

type of type of weight structure The five tined fork
mean Wio Wit tine formula
arithmetic | P* (Laspeyres) P (Palgrave) uppermost (+2) prA
geometric DPL (log. Lasp.) DPP (log. Paasche) mid-upper (+1) DP®
harmonic (harm Lasp) (Paasche) middle (0) pt p!
/ unbiased I
\ mid lower (-1) | DP"
base weight inequality current weight inequality lower most (-2) | P"-
P&; 2 DP&; > Po}tIL P&A 2> DP&’t > P(%)t
Fisher's result was
l l P >DP'>P">P' >
P"> P’ > DP" > P
(3) Pgi-pgA
v v

(2) Tornqvist P, =P/DPLDP}

(1) Fisher P§ =P PLPE

There was hardly any attention given to index no. 3. All three indices (1), (2) and (3) are "unbiased"
index formulas and their results are in general in close agreement with one another.

Relations (Bortkiewicz type) between DP" and DP" (just like between P’ and P")

covariance between log changes in prices and volumes cov(p,V) or between log changes in

prices and quantities cov (p,q)).
(3.4.16a) log(DP(i) - log(DPé;) is approximately equal to cov (p, V),
(3.4.16b) log(P%) - log (P ) = cov(p.q).
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3.5. Log-change index numbers II: Vartia’s index formulas

a) Aggregation and the logarithmic mean

¢) The Vartia-II index

b) The Vartia-I index

d) Properties of Vartia indices

a) Aggregation of log changes and the logarithmic mean

Figure 3.5.1: Aggregation growth rates over commodities (additive model)

3. aggregate Y, = th , T

Notation 1. consider change from O to t,
2. variable referring to individual commodity y; (i =1, ... ,n),

=0, 1 (additive model)

/ \
conventional growth rate growth rate on the basis of log changes
(3.5.2) (3.5.3)
Y, -Y n i« — i Y, N b; ;
I'(Y) _ -t 0 — ZaiO(YH lej ln(_tj — Z 1 ln(hj
Yo i=1 Yio Yo/ {Zi2bi \yig
= 2 ajor(y;) = > B;In(y; /yio) - Bi=b/Eb;

weights a,, = -Jio weights b; = L(a;.a, ), a, =

z Yo Y z Yie

Commentary on the type of weights

weights ajp are making use of the structural | |b; being an average of ajy and a; are tak-
information related to period O only ing both periods into account*

* weights are "balanced", i.e. they employ structural data of both periods.

Decompositions of total value log changes

a) use means of absolute values v and weights L(viy,v;;), which leads to

Vi

2 ln(
Vio

(3.5.4) ln(ij - Zln(&j Lvit, vio)
Vo Vio

L(Vy, Vo)

jL(ViO,Vit) =V, -V, and since L(V,,V,) =

Vit Vo e e
In(V,/V,)

which is the basis for the Vartia-I index;

b) use value shares wi; = vi/Xvi = vi/ Vi and wig = vig/ Zvip = vis/Vy and weights L(wigp,wi)

_ Wit — Wig
L(Wit’WiO) - ln(Vit/ViO) - ln(Vt/VO) o el
(355 L{wy.wio)in(vy /vie) = (wy

and since X w;, =2, w;, =1 we get

~wig) + L(wi.wio ) In(V, / Vo)

Vit

V
ln(v—tj 2 LW, wig) =2 (L(Wit ,Wig) ln(v—D , and finally
0

3 L(W;i,Wig)

3.5.6 l(lj
(3.5.6) nVO

Vit
l -t | MV
Z( n(Vioj 2 L(wy.wip)

i0

j , which is the basis for the Vartia-1I index.

54
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b) The Vartia-I index (POY 1)

The Vartia-I price index is defined as

iL(Vit’ViO)ln( pitj

i=1 Pio . o
(3.5.8) ln(POY 1) = , and correspondingly the quantity index
L(V,, Vo)
Vi _ § Qi
(3.582)  I(QY')= X L(vi.vig)In ] L(V,.Vp).
i=1 i0

(3.5.8b) L(Vil—’vio)h{ﬁj:L(Vn,Vio) i —9io :A(ln( (\)fll))
L(V..Vy) a4 ) L(V..Vy) L(q;.9q;)

¢) The Vartia-II index (Po‘fz)

(3.5.9) InVy, =3 W, In(v, /v,),
W, =L(w,,w,)/XL(w,,w,) andw; = v / V, = piiqic / 2Pidic (Wio defined analogous-
ly). By virtue of eq. 9 the indices Po\i2 and Qg’f pass the factor reversal test. To prove eq. 9
V,
use (3.5.10) ln& = lni — ln& = lnL —In—' taking into account Yw, = Xwq =1..
W Vo P Vo vV,

The Vartia II indices now are defined as follows

L(wit,wio)ln[;i;j
ZL(Wit,in)l = 2 W ln(pit/pio), and

(35.012)  In(Qy2)=X Wi In(qy /ai)-

3511 In(Py?)=%

Figure 3.5.2: Tornqvist, Vartia-II and Walsh-II index

g
general structure: P(g) = H(&j
Pio

with weights g (Xg=1)

Tornqvist Vartia Il Walsh II
g=W=%(w0+wt) g=W=L(wg,w)/2ZL(wWg,w) g=\/V0Vt/Z\/VOVt

Jwow, SLiwo,w) <3 (wo+w, ) =W, wow, = fvov, [y VoV,

d) Properties of Vartia indices

P! can (unlike P"?) fail proportionality as well as linear homogeneity (see ex. 3.5.2).
Log change indices may violate monotonicity (ex. 3.5.4).
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Example 3.5.4

Po P, do q,
1 |30 |40 |50 20
2 |80 4 40

The following values are examined for the price py 1, 5, 10, yielding values for various log
change index functions as follows. We expect of course that py; = 5 will yield a higher Py,
as pa: = 1 and again py = 10 a higher value of Py as in the case of py. = 5. However this is
not true for the following indices!”: P)¥2= Walsh II, P! = Vartia I, Py/?>= Vartia II, P}YV=
Walsh-Vartia, P§, = Tornqvist, and P = Theil.

P2t Pk P& P2 P! Py/? PV P PiH
1 |1.101 |0.221 |0.861 |0.701 |0.837 [0.864 |0.791 |0.813

5 |1.110 |0.263 [0.751 |0.454 |0.751 |[0.751 |0.750 |0.753
10 [1.121 |[0.316 [0.744 [0.193 |0.740 |0.748 [0.730 |(0.749

Only the two indices added for sake of comparison that is Laspeyres and Paasche (shaded area)
comply with strict monotonicity, but none of the log change indices does so. Furthermore these in-
dices differ tremendously from one another. So virtually all log-change indices display a decrease
in prices when an isolated rise in price p,, takes place from 1 to 5 and to 10. ¢

3.6. Ideal index functions and Theil's Best Linear Index (BLI)

Three-component model of value change (the structural component)

1. Additive model (value change)
(3.6.1)  pq- P = qo(Pc —Po) +Po(d —dp) +(d —qo)P —Po)
= (qyAp, +PyAq, +Aq,Ap, =PC + QC +SC.

The following interpretation of this simple definitional equation is usually given

e the pure price component (PC) is represented by q,Ap,= 2 pi:qio — 2 Piodio

e the pure quantity component (QC) is pyAq, = 2 Piodir — 2 Piodio

¢ the structural component (SC) is Aq,Ap, = Ap,Aq, = Z(pit - Pio)((ht —(ho)-
Dividing both sides of eq. 1 by p,q, yields an equation known from Stuvel's approach:
362 V-1=P"“-1)+@Q"- D+ (V-P"-Q"+1)=PC+QC +SC.1

2. Multiplicative model (value ratio)

Aggregation of a two components multiplicative micro-model: Vartia's solution
Ideal index functions on the basis of log changes, like the two Vartia indices cannot be derived

as easily as Fisher's indices, POFt and Qgt . The trick is to find appropriate weights for individ-
ual log changes.

17 Some log change indices not discussed above are also included in this example and Olt's original table.
18 Fig. 3.6.1 provides a geometric interpretation of this relationship with three shaded fields representing PC, QC
and SQ and shows how Stuvel has managed to allocate parts of the structural component SC to PC and QC.
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Figure 3.6.1: Stuvel's way of deriving an ideal index

A

a) Additive approach &
362) V-1=FP"-1)+@Q"-1)+(V-P"-Q"+1) QC

=PC + QC + SC %o

PC
P
b) Stuvel's solution
price component PC structural change component SC quantity component QC
Pji -1 Vo — Pl — Qb +1 Qf —1

e I

%(VOt — Py - Qg + 1)

%(VOt — Py —Qpi + 1)

4« e

new price component
P* =PC + 12SC

new quantity component
Q* = QC + ¥SC

p* = %(P(% _Q(L)t)'i'%(VOt _1)

Q* = 3(Qf ~Pst) +3 (Vo = 1)

The product P*Q* is not meaningful, since P*Q* = [(V - 1? - (P* - Q%)?]. A better solution is

2

P'= 1(Pl - QL )+1R

Q*"= §(Qk —P§) +4R

The product PSTQST should equal V, thus setting PSTQST = [R2 - (PL - QL)z] =V we get

R

2

2 2
(P&-Q‘aj v - [Q&-P&j .
2 Ot 9 0t

Figure 3.6.2: Fisher's way of deriving an ideal index

P49 Pod;

price component PC* structural change component SC* quantity component QC*
Pdo _pt P4 Podo _ j_ C AP0 _ ;1
Podo P9 Po4: Vo qQoPo
« o
P4 PoYo P.4; PoYo

P4 Pod;

A/

A

new price component
PF = PC*(SC*)!/?

new quantity component

F — LpP
POt - POtPOt

P.q) P.q,
P04 Pod,

q.Py 4P,
qoPo 9oP;

(3.6.4a) >In(v, /vy)=XIn(p; / pip) +21In(q;, / q;0) -

The key equations explaining why Po\iland Q(\)/tl, or P(XZ and Q(\)/tz are satisfying the factor
reversal test and also relating Vartia-I- and Vartia-II weights are
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(3.6.5) In(v,y) =In(w,y)+1n(V,) and correspondingly In(v;;) =In(w;;) +1n(V,)
L(Vit’ViO) Vie Vi
3.6.6 —————1In(v, / vip) = ——%1In(V,
BO6 Ty vy MV Vi) = V)
W, —
= Wi Wi ny Ivo)l ) L(w,,w,
Inw, —Inw,, Vi Vio) z Wy )
:[( it_ i0)+1n(v ) 11’ ]/ZL(WH’W )

Figure 3.6.3: Vartia's way of deriving ideal log-change-indices

a) Micromodel in log changes

\Z . a.
(3.64) In—t=In Pit a3t Gince by definition Yie _ P Gie

Vio Pio dio0 Vio  Pio dio
b) Aggregation problem

Z(ln—j #1In(V,, ) find weights g such that
Vio

j = Zi(gi -In pitj + Zi(gi . qitj = two solutions (Vartia I and II)
Vio Pio dio0

2 (gl

Figure 3.6.4: Weights in aggregating log-changes, Vartia's solution’

Single commodity (1) equation (definition): (3.6.4)In(v;, / v,y) =In(p;, / p;y) +1n(q;, / q;0)
Aggregation: 2 g; In(vy, / vip) = 2.g;i In(pyi / pio) +2.gi In(qit / dip)

« e
Vartia | weights Vartia Il weights
L(Vi ’Vi L Wi 7Wj )
i = OV =3V, V =2V, gi:#
L(V,.V,) ZL(wWi,wy)

g In(vy /vi) =
2.gi In(vy /vip) = ln(VOt)Z( j A
V-V, W —w.
0 >0 In(vy /vio)
Inw; —Inw;, S

=In(Vy, ), since Z(V—Vi(())j =1 = S Liwy / wo) =In(Vy,)

1 The problem is not to show that 2 g; In(p;, / pig) is ln(P(Xl), or ln(PO\iz) because these indices
are defined this way. The same is true for quantity indices. It only remains to prove that the

weighted aggregation 2 g; In(v;, / v,o) results in In(Vy, ), with value index V.
2 seeeq. 3.6.6

Theil's Best Linear Index (BLI) — the two situation case (times 0, t) —
I Qq

A pair of indices P* and Q* forming a matrix D zl: « . w
Po.  PoQo

:I =p-q' is defined by mini-

L
Qo

1
mizing the sum of squared differences of the elements of D* and D ={ L } where V

Poc Vot
1 .
P*}’q':[l QOt]'

in D is of course V, = P&Q(]jt(l +C) and p= {
0t
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Note: This is not the end of the Index-Theory part of the course. As all index formulas can be con-
ceived as direct indices, or as chain indices (links), there will also be some more index theory pre-
sented in chapter 7. Moreover, as most index formulas have been recommended as deflators too, we
also deal with index theory in chapter 5 (in particular with the aggregation issue). Finally formulas
such as P" or P" have also been proposed as appropriate for international comparisons. Thus they will
appear in chapter 8 once again.!®

Chapter 4 Price collection, quality adjustment and sampling
in official statistics

4.1. The set up of a system of price quotations and price indices in official
statistics (the example of Germany)

Price quotations and compilations of indices have to be timely, regularly and systematic. They
should consistently cover a wide field of market activities (sales/purchases), serve a great va-
riety of users and purposes, and should be carried out by a neutral, competent and trustworthy
institution?0. In some instances it will be more, in other less difficult to arrive at correct prices
and weighting schemes for price indices, and there is also often a need for compromises,
sometimes even for makeshift solutions in the light of conflicting principles in price statistics.

In the implementation of a system of surveys in price statistics decisions have to be made on:
1. the kind of prices to be collected (scope of price statistics),
2. the source of information best to be used (e.g. sellers or buyers?!), and
3. the periodicity of regular surveys.

What type of prices should be observed: actual transaction prices vs. list prices; when a contract is
made, the transaction effectively occurs, or when consumption takes place; excluding/including VAT.

The denomination of the index should denote

a) whether goods (and their prices), and weights refer to the supply side (sales) or the demand side
(purchases),

b) the branch or sector (or the type of business involved) the index refers (institutional as opposed
to functional approach).

Remark concerning price indices plus unit value indices (see sec. 6.4) in foreign trade statistics (a
peculiarity of Germany) and some services (air transport for example)

¢ unit value indices display more (or too much) volatility and they are said to be less suitable for
deflation than true price indices;

e price indices are true Laspeyres indices, reflecting pure price movement, and they refer to
prices at an early stage (when a contract is made) and to narrowly defined commodity groups,
so they may have a lead relative to unit value indices.

19 PF and PT are of interest because they comply with "country reversibility" (the interspatial criterion of what is
known as time reversibility in the intertemporal context).

20 Official statistics has to avoid the impression of applying questionable methods, or of experimenting with con-
cepts and formulas that are difficult to understand and sometimes advanced not without some political interest.

21 There are very few cases in which buyers can give adequate and competent information on prices on a regular
basis, taking into account also all of the price determining characteristics (PDCs, like quality for example) and
the changes in the PDCs. On the other hand it has sometimes been claimed that in a democratic system consumer
prices should be reported by the many buying households and not by the few selling enterprises.



