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ned indices in economic accounting systems 
leads to volume figures (deflated nominal values) that are inherently non-additive. 
This inconvenience  for users is caused by a mathematical impossibility result. 

this state of affairs, in this paper a deflation method will be developed 
e figures that 

ic statistics 
 so easy.  

measured by 
odity which are produced or consumed per 

period, and comparing these figures through time. In a multi-commodities economy 
this simplicity is lost. Quantities of distinct commodities cannot be added 
meaningfully. However, if there is a price system then quantities of distinct 

In a sense a 
dities into one uniform 

commodity, called ‘money’. It seems that by using this transformation we are back to 
the simplicity of the single-commodity economy. 
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Abstract 
It is well known that the use of chai

Recognizing 
that uses chained indices of a certain functional form but leads to volum
exhibit additivity and can be nicely interpreted. 
 
 
1.  Introduction 
Though there are exceptions to this rule, users and makers of econom
love additivity because it makes the interpretation of accounting systems
 
In a single-commodity economy, growth and decline would simply be 
adding up all the quantities of the comm

commodities can be transformed to values, and these can be added. 
price system serves to transform all the distinct commo
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This, however, is unfortunately not true. The price system happen
through time, so that there are as many systems as there are periods
The change, moreover, has two components: the structure of the system
the relative prices) changes, as well as its level (somehow defined; th

s to change 
 to compare. 
 (as given by 
e price level 

being an inverse measure of the value of money). It is the simultaneous occurrence 
nd decline. 

her issues of 
cisely, it has 
nally valued 
in favour of a 
ear. Nominal 

 real values (“in constant 
prices”) any more, but by volume changes measured relative to the nominal values of 

current year 

s in national 
ore nominal 

 if in reverse 
blem did not 
 price system 
terfactual, at 
of a defined 

ain indexes, in 
their traditional form, additivity is lacking. The disadvantage is not a new discovery, 

ealism of the 
priority over 

non-additivity 
cteristicity. 

 paper. It will 
rrently in use 
terpreting the 

lute price of a commodity. 
The absolute price (nominal price) is given by the amount of money paid in exchange 

s purchasing 
y the general 
 the prices of 
lative to the 

l” price in analogy 
to the real wage or the real interest, known in macroeconomic analysis. 
 
The structure of the paper is as follows. Section 2 prepares the ground by providing 
the necessary definitions. Section 3 treats the construction of real values based on 
direct indices. Section 4 treats the construction of real values based on chained 
indices. The advantages and disadvantages of the two systems will be highlighted. 
Section 5, then, proceeds to the novel approach that is proposed in this paper. 
Section 6 discusses its working on a simple example, and Section 7 concludes. 
 

of these two phenomena that causes ambiguity in measures of growth a
 
In this paper the issue of additivity will be reconsidered. Compared to ot
index number theory, additivity is relatively new on stage. More pre
become an issue, when the direct Laspeyres index, which traditio
quantities at prices of a relatively distant, fixed base year was given up 
chained index, where quantities are valued at prices of each previous y
values (“in current prices”) were thus complemented not by

each previous year, using “limping prices”, so to speak, where each 
drags its predecessor behind, as a base year for growth measurement.  
 
Additivity means that the operations of deflating and aggregating value
accounts are interchangeable, or commutative. If you aggregate two or m
entries and deflate the aggregate, the outcome should be the same as
order of these operations, you first deflate and then aggregate. The pro
exist as long as the Laspeyres index was used, because with a constant
additivity is naturally given. But as the assumption of constancy is coun
least in the long run, it had to yield to the more realistic assumption 
constancy over only one year, realised in the chain index, and for ch

and has been known all along, but in between two conflicting goals,  r
price system, yielding adequate growth rates, has been accorded 
additivity of values, yielding coherent national accounts. The cost of 
has been generally accepted as the price to be paid for the gain of chara
 
The theorem of incompatibility of these two goals is questioned, in this
be  shown that by a small modification of the chained index numbers cu
one obtains  additive results in the accounts. The conceptual tool for in
method is given by distinguishing the relative from the abso

for a unit of a commodity. Money itself, however, is not invariable in it
power, but subject to more or less inflation. The variation is measured b
price level, which is (more or less arbitrarily) defined as an average over
all commodities. The relative price is then the price of a commodity re
chosen basket of all commodities, which we may then call the “rea

 



2.  Definitions 
We consider an economic aggregate, consisting of a number of (fairly ho
transaction categories which will be called ‘commodities’. For simplic
assumed that these commodities do not change through time. Ea
commodities has an (average) price t

np  and a corresponding quantity q

t
n

t
n

t
n

entire aggregate in period t is 

mogeneous) 
ity, it will be 
ch of these 
, where n = 

1,…,N  denotes a commodity, and t is an accounting period.  The nominal 
(transaction) value of commodity n  t is then , and the value of the 

t
n

 in period qpv ≡

∑ =
≡

N

n
t
n

t
n

t qpV
1

. It is assumed that the
acc pe

 le

h

ngth of an 
ounting riod is such that es of the 

transactions that have occurred during this h of such a period 
en one can 

 
and let (after 
artitioned as 
he subvector 

corresponding to the subaggregate k = 1,…,K t 
ggregate and its 

subaggregat , 2, …., T. One 
obtains sequences of nominal values   

(1) 
(2) 

 

it is eedind  meaningful to add up the valu
period. The usual lengt

is a year.1 It is efficient to use from hereon simple vector notation.2 T
write ttt qpV ⋅= . 

Suppose that this aggregate can be partitioned into K subaggregates 
permutation of commodities) the price and quantity vectors be p

),...,( 1
t
K

tt ppp =  and ),...,( 1
ttt qqq =  respectively, where ),( tt qp  is tK kk

. The subaggregate values in period 
are t

k
t
k pV ⋅≡ t

kq  (k = 1,…,K). Consider now the development of the a
es through a number of consecutive periods, say t = 0, 1
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   T

kkkk VVVV ,...,,, 210  (k = 1,…,K).       

=k k1
Nominal values are additive, that is, ∑= K tt VV . It is clear that nominal value 
development is driven by price and quantity changes. The problem is about how to 
disentangle the tw eparate forces. 
The disentanglement is usually executed by price and quantity index numbers.  

each being a 

 
    (t ,t’  = 1,…,T).       (3) 

tio, i  product of a 
t index is an index where data 

to consideration. 
If there are such data, then there are alternative decompositions, namely by chained 

                                           

o components in order to get a picture of these s

)',()',(/ ' ttQttPVV tt =

 
Suppose we have some (bilateral) price index P and quantity index Q, 
function of 4N variables )',(),,,( '' ttqpqp tttt ≡ , such that  

 
Here nominal value change, measured as a ra s decomposed as the
direct price index and a direct quantity index. A direc
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t
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t
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1 For conceptual reasons it is assumed that the basic data consist of prices and quantities. In practice 
one usually has to deal with (estimates of) price index numbers relative to some reference 

period b and deflated values . 
2 Hence,  , where t and t’ denote two, not necessarily different, time periods. 

 



indices, the number of such  decompositions depending on the number of 
intermediate time periods. Using all the intermediate periods, one obtains  
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  (4) 

 with the size 
ntity dities which 

let 
fun form a k. Then the 
decompositions analogous to (3) and (4) are  

    (k = 1,…,K; t, t’  = 1,…,T)     (5) 
 

 (k = 1,…,K; t, t’  = 1,…,T)      (6) 
 

nt of the aggregate and its subaggregates, relative 
s of deflated 

lues.  
 
 

on direct indices 
Using direct indices, the ‘re onding to (1), is 

   (7) 
 

hich can also be written as 
   (8) 
 

ggregate is likewise presented as  
   (9) 

or 
    (k = 1,…,K).    (10) 
 
Additivity would be preserved if and only if  

    (t = 1,…,T),       (11) 

or  

    (t = 1,…,T).       (12) 

   )',()',( ttQttP cc≡  (t,t’  = 1,…,T).      
 
Let )',( ttPk  be a price index with the same functional form as )',( ttP , but
of its price and qua  vector variables reduced to the number of commo
make up subaggregate k. Similarly, )',( ttQk  be a quantity index with the same 

ctional s )',( ttQ , but applicable to subaggregate 

)',()',(/ ' ttQttPVV k
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A little bit of rearrangement delivers the following expressions, 

    (t = 1,…,T)      (13) 
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and 
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 (t = 1,…,T),       (14) 

 hold for all 
partitions of the aggregate, in gates consist 

1 price index 
quantity index reduce to price relative and quantity relative respectively, that is, 

 and . Then expression (13) is the definition of the 
yres quantity 

ct test (3) and the condition of 
additivity (11) or (12) if and only if P is the Paasche index and Q is the Laspeyres 

3 

Then the ‘real’ values corresponding to (1) and (2) are given by  

(15) 
(16) 

and it is c ‘real’-value system (15)-(16) has 
l known. The 
urement and 
ds. Based on 

d t is measured by the Lowe index 
. Put 

me it becomes less and less obvious to use period 0 
prices for measuring the quantity change between remote periods. In addition, the 
price index which corresponds satisfying 
the product test) does not pass the rather fundamental identity test (which says that a 

There is another strategy for preserving additivity. Instead of (9), the ‘real’ 
subaggregate values are presented as  

     (k = 1,….,K);     (17) 
 
that is, the aggregate deflators are used also to deflate subaggregate nominal 
values . Evidently, additivity is preserved, since  

                                           

k
kk
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which look more familiar. These two expressions are supposed to

 particular for those where all the subaggre
of a single commodity (thus K = N). It is natural to assume that for N = 
and 

'/)',( tt ppttP = '/)',( tt qqttQ =
Paasche price index, and expression (14) is the definition of the Laspe
index.  
 
Conclusion: An index pair ),( QP  satisfies the produ

index.
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lear that these values are additive. The 
undoubtedly the virtue of simplicity. Yet its disadvantages are also wel
most important of these disadvantages have to do with the meas
interpretation of price and quantity changes between consecutive perio
(15), the quantity change between periods t-1 an

100 −⋅⋅ tt ), 11 −− tttt q/ qpqp  rather than by a quantity index of the form ,,( pqpQ
otherwise, with the progress of ti

to the Lowe quantity index (in the sense of 

)0,(/),...,0,2(/),0,1(/, 210 TPVPVPVV T
kkkk

price index should equal unity in case of no price changes). 
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3 This conclusion is a specific case of Corollary 16 of Balk (1995). See also Balk (2004). 
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The big disadvantage of such a system of ‘real’ values is that subaggregate quantity 
change between, say, consecutive periods is measured in a strange way, namely as  
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where exp essio s (3) and (5) ere use The first factor at the right-hand side of
expression (19) is indeed a mea  T

1−tt

(19) 

r n w d.  
sure of quantity change. he second factor, however, 

measures relative price change between the subaggregate and the aggregate. The 
ity and (relative) price change. For example, it 

 
4.  Real values based on chaine

 us now consider the use of chained indices for the presentation of ‘real’ values. 
Instead of (7) and (8) one obtains  
 
   ,      (20) 
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Chained indices can be conceived as discrete-time approximations of Divisia line-
integral indices. It is well known that Divisia indices exhibit the property of 
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consistency-in-aggregation (Balk 2005). However, this property, and 
stronger property of additivity, gets lost in any discrete-time approx
otherwise, ‘real’ values based on chained indices will as a rule viola
Sometimes this problem is solved by adding a row “additivity discrepan

a fortiori the 
imation. Put 
te additivity. 

cy” to a table 
of ‘real’ values, or by distributing the additivity discrepancy over the subaggregates 

 the comparison of ‘real’ values between consecutive periods yields 
unequivocal quantity index numbers. For instance, using expressions (4) and (5), it 
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The violation of additivity, however, continues to bother many statisticia
out would be to replace all the subaggregate deflators )0,(tPck  (k = 1

)0,(tPc

 (26) 

ns. One way 
,…,K) by the 

single aggregate deflator , as suggested by Hillinger (2002). Ehemann, Katz 
and Moulton (2002) showed that this can easily lead to perverse outcomes. To see 

l’ subaggregate values between consecutive 
periods:  
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). Except when there are no relative price 

 differs from 

 
.  A novel approach for 

The novel approach considered in this paper consists of the following two building 
 t is deflated 

 price index 

   

which structurally resembles expression (19
changes across subaggregates, the left-hand side of expression (27)

)1,( −ttQk .  
 

5 deflating nominal values 
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t

PcP PtPtP* )1,()0,()0,( ττ

blocks (Reich 2003). First, the nominal value of the aggregate at period
by the chained Paasche
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 (t = 1,…,T).      (28) 

ubaggregate at period t is deflated by the 
following chained price index, 
 
    (k = 1,…,K; t = 1,…,T).    (29) 
 
This deflator, then, consists of two parts: the final part of the chain, from t-1 to t, is the 
subaggregate-specific Paasche price index, while the remainder, from 0 to t-1, is the 
chained Paasche price index for the aggregate.  
 

1τ

 
Second, the nominal value of each s

 



The two steps of deflating nominal values, as given by equations (28) 
based on a theoretical refinement of concepts, which is not new in econ
but has not found its way into statistical application yet. We distingu
”volume”, on the one hand, and “real value”, on the other. The me
distinction is the following. Real values are nominal values corrected
change in the purchasing power of money, as measured by the genera
They still include the change in prices specific to each commodity, 
equation 

and (29), are 
omic theory, 
ish between 
aning of the 
 only for the 
l price level. 

as shown in 
(19) and (27). Volumes eliminate the change in price, in addition to the 

correction for inflation, comprising the pure changes in quantity, or quality, of a 

as to do with 
mand on the 
ge in supply, 
 prices. The 

s nothing to do with any particular commodity, 
but is of a monetary nature, qualifying the means of payment (and measure of value) 
hrough w odity is being 
discharged. In order to separate the two theoretical causes of a change in the 

commodity. 
 
A change in an individual price t

np  may occur for two reasons. The first h
the particular commodity, and results from a change in supply or de
market on which the commodity is traded. A rise in demand, or a shorta
will raise the price, and this price only, in comparison to all the other
second rea on of a price change has 

t hich the debt created by the purchase of the comm

nominal price t
np  of a commodity we may write 
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n
t
n ptp )0,(Λ=   (n = 1,…,N; t = 1,…,T)      

 

t t
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 n , m

(30) 

riod 0) which 
d , and 

where )0,(tΛ stands for the general price level (relative to a certain pe
determines the value of the means of payment of the economy at perio
describes the relative or, as we may now define, the “real” price of the c
which is the price it carries in relation to the other commodities.4 
  
Suppose that the aggregate tV  is the GDP of an economy, and the 
level is measured by the implicit GDP deflator, derived from the natio
and calculated according to equation (28). The sequences of nomina

om odity

general price 
nal accounts 
l values, as 

given by equations (1) and (2), are then transformed into what we now define as “real 
ge (equation 

is to exclude the general price level change, so that the 
observed nominal values and prices are comparable over time. Or, saying the same 

eal values are quantities measured at real prices (prices 
corrected for inflation). If GDP is the commodity basket chosen for measuring the 
general price level, its real price is always equal to one, by definition.  
 

 by expressions (28) and (29) exhibits 
additivity of volumes, since  
 

   

values”, which are additive, but include quantity together with price chan
(27)). Their purpose 

thing in a different way, r
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One verifies immediately that the method given

  

 
                                            
4 Reich (2005) relates these ideas back to Neubauer (1974), (1978). 
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f the method 
may be illuminated by looking at the temporal difference between two deflated 
values. The volume of the aggregate can be decomposed as    
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volume change of the aggregate between years t-1 and t, 

measured as a difference, is given by 
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Here the individual quantity changes between t-1 and t are valued at the earlier 
period’s prices. In order to ma , they must be 
deflated to the base period pric
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However, care should be taken with ate volumes at 
periods t-1 and t. It appears that  
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As the right-hand side of expression (35) shows, the ratio of subaggreg
combines quantity changes (measured by a Laspeyres index) with r
changes. However, as demonstrated by equation (32), consecutive 
defined in an 

ate volumes 
elative price 
volumes are 

additive way, which implies that the ratio is a less meaningful 

ponentwise. 
ral not so, which is the “price” that one must pay for having 

nd (33) hold 
 for k = 1, ,K; that is, if 
 price index numbers are 

the same. Then the right-hand side of  reduces to , 
iliar Laspeyres quantity index for subaggregate k.  

ple example. 
 method with 
d in building 

, with, let us 
my produces 
formation of 

x numbers, one for each 
product group. Nominal values can be added within a year, thus for each year, panel 

e compared 
l information 
, with year 0 

ed in panel 1b where the flows are re-valued and 
 for the years 
ay be added 
eparates the 
alue change. 
=1000), GDP 

 the volume 
 of panel 1a, 
 each period, 
example, the 

implicit aggregate price index number for consumption goods rises by 14.2 percent 
between year 0 and year 1, and shrinks to 98.8 percent the year after, to rise again to 
121.5 percent of the base year between year 2 and year 3. 
 
On the basis of equation (3), panel 1c supplies the aggregate year-to-year volume 
index numbers (Q01, Q12, Q23) corresponding to the price index numbers. They are 
found by dividing the nominal values of panel 1b into the deflated values of the 
following year in panel  1a. Thus nominal consumption value of 790 in year 2 (panel 

measurement tool. 
 
It is tempting to expect that the equalities (32) and (33) also hold com
This, however, is in gene
additivity of volumes together with chained indices. Equalities (32) a
componentwise if and only if ,1()2,1( −−=−− ttPttP P

k
P …

and only if going from period t-2 to t-1 all the subaggre
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gate
 expression (35) 111 / −−− ⋅⋅ t

k
t
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t
k

t
k qpqp

which is the fam
 
 
6.  An illustration 
The working of expression (32) may be explained by means of a sim
Table 1 has been constructed so as to compare the traditional chaining
its additive counterpart. It follows the typical order of operations employe
national accounts. The compilation begins in nominal terms, ordinarily
say, nominal values v0, v1, v2, v3, for four years 0, 1, 2, 3. The econo
four commodities, two for consumption purposes (C1, C2), two for 
capital (I1, I2). There are thus four elementary price inde

1a yields a GDP in nominal terms. These nominal values cannot b
between different years. They are made comparable by using additiona
about the development of prices, summarised in indexes p0, p1, p2, p3
as the base year (p0 = 100), and added to panel 1a as additional data. 
 
The price information is us
expressed in prices of the previous year, except for the base year. Thus
following the base year we have expressions p0q1, p1q2, p2q3 which m
to yield GDP in prices of the previous year. In this way, one analytically s
volume component from the price component in the observed nominal v
Thus in prices of the previous year GDP of year 1 equals that of year 0 (
of year 2 is 1060 in prices of year 1. 
 
In addition, using the assumption expressed in equation (3), we divide
component compiled in panel 1b into its corresponding nominal value
which yields an implicit  Paasche price index number P01, P12, P23 for
for each of the sub-aggregates C and I, and for GDP as a whole. For 

 



1a) divided into deflated consumption of 905 in year 3 (panel 1b) yields a volume 
index of 114.6 in panel 1c. 

ar has been 
anel 1d now 

d assigned to 
 of the base 
eflated sub-
 GDP when 
e chain does 
le the sum of 
ears. This is 

consists in chaining quantity 
changes to nominal values of a base year, which implies that the relative price 

e over time 

ex by adding 
 volume change is 

measured not as an index number, but as a value figure in Euros of the previous 
consumption 
 year 1, and 
ar 2.  

d to Euros of 
ted from the 
 the nominal 

wage rate in order to arrive at the real wage rate, we must deduct it from the 
this example 
e rise in the 
 of the ruling 

or from panel 

s the Euros which are now of the same purchasing power, 
namely of year 0, and adds them  year 0. This delivers a 
panel of cumulative volume change for each year’s GDP and its sub-aggregates 

2)). GDP comes out exactly as it does in panel 1d under the traditional 
asket against 

rice change. 
lative price is 

 
 

7.  Conclusion 
Though Peter von der Lippe might still contest this – as he did in his 2001 book –, for 
good reasons the SNA 1993 advocates chained indices for measuring price and 
volume change in a national accounting system. It is well known that by doing so the 
additivity (of so-called real values, or volumes) must be given up. While recognizing 
that the mathematics of aggregation and deflation makes a marriage of chaining and 

 
We have not constructed any longer time series, so far yet. Each ye
compared with its predecessor, independently of earlier or later years. P
introduces chaining. The year-to-year index numbers are multiplied an
the nominal values of the base year, yielding chained volumes in prices
year. Violating equation (24), these volumes are not additive. The d
aggregates C and I (3rd line in panel 1d) do not yield the deflated
summed (4th line). Additivity works between year 0 and year 1, where th
not appear, but for year 2 the deflated GDP is 1029 Euros of year 0, whi
the sub-aggregates yields 1002 Euros of year 0, and so on for all later y
the disadvantage of the traditional chaining method. It 

structure within an aggregate is kept constant. Since prices do chang
there is a discrepancy in valuation which causes the non-additivity. 
 
If instead of multiplying the yearly volume changes one constructs an ind
them according to equation (32) one arrives at panel 1e. The

year. From panels 1a and 1b one  deducts, for example, that aggregate 
C has shrunk by 100 Euros of year 0 (600 – 700) between year 0 and
grown by 115 Euros of year 1, afterwards, and finally by 115 Euros of ye
 
Although the name is the same, Euros of year 1 may not simply be adde
year 2, because there is inflation. Just as the rate of inflation is deduc
nominal interest rate in order to arrive at the real interest rate, or from

observed volume changes in order to be able to add these changes. In 
we use the implicit GDP deflator as the rate of inflation, measuring th
general price level and corresponding loss in general purchasing power
measure of value (see equation (28)). Dividing the chained GDP deflat
1b into the Euros of panel 1e yields panel 1f.  
 
Finally, panel 1g sum

 to the nominal values of

(equation (3
chaining procedure, because it has been chosen as the commodity b
which all other baskets or individual commodities are compared in their p
Its price index number measures the general price level so that its re
equal to one, by definition. 

 



additivity impossible, in the foregoing a procedure was developed that 
to the extent possible. The authors believ

pairs the two 
e to have demonstrated that this method is 

able to deliver useful insights in a handsome way. 
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 Year 0 Year 1 Year 2 Year 3   
 v0 p0 v1 p1 v2 p2 v3 p3   

C1 400 100 385 110 400 100 540 120   

 



 

C2 00 300 39 130 60 160   3 100 120 0 5
C 700 685  790  1100    

     
I1 200 225 200 100 65 110   
I2 100 100 120 8 30 60   

00  345 27 95    
        

1295    
       
b) Value ic s o i e d l g t   
ear-to-ye ce ind rs 

ar 0 Year Year 3   
 q0  q2 P23   
C1 400 350  440  50    

 250 360 55    
C 00   00 05 121,5   
        

00   8 50    
I2 100 150   35    

 86,25 260 103,8 185 105,4   
      
GDP 1000 1000 10 100 1090 118,8   

        
c) Year to year volume ind x numbers 

Q01  Q12  Q23    
C  5,71 116 1 ,6    

 33,3 75, 6 52    
P  100 102 1 ,8    

        
     

C 00  600 700,7 8 ,7    
I 00  400 301,4 2 ,5    

I   1000  1002 1009    
GDP 1000  1000  1029  1058    

       
e) Volume cha ge in  of p year     
C   -100 11 15    

  100 -    
0   30    

GDP   0 30    
 

ccou  
C   -100  111,7  111,7    
I   100  -82,5  -82,5    
GDP   0  29,13  29,13    
           
g) Volume change accumulated        
C 700  600  711,7  823,3    
I 300  400  317,5  235    
GDP 1000  1000  1029  1058    

 
      

100 90 1
0 70 70

I 3  0  1
   

GDP 1000  1030  1060  
    

s in pr e f prev ous y ar an  imp ied ag rega e
y ar pri ex numbe  
 Ye Year 1  2 

p0  p0q1 P01 p1 P12 p2q3
 4

C2 300   4
7 600 114,2 8 98,8 9

   
I1 2 250  1 0  1

 80
I 300  400

     
 103 60

   
e

   
 8   ,8  14

I  1   36  8,
GD   ,9  02

   
d) Chained volumes    

7   02
3   06

C+  

    
n  prices revious (Euros) 

 5  1
I  85  -85
C+I   30

 30  

f) A nting for inflation (GDP deflator)

 


